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Abstract

Two critical yet frequently conflicting objectives for logistics and transportation service companies
are improving customer satisfaction and reducing transportation cost. In particular, given a net-
work of customer requests with preferred service times, it is very challenging to find vehicle routes
and service schedules simultaneously that respect all operating constraints and minimize the total
transportation and customers’ inconvenience costs. In this paper, we introduce the Vehicle Routing
Problem with Time Windows and Convex Node Costs (VRPTW-CNC), in which we model each
customer’s inconvenience cost as a convex function of the service start time at that customer. The
VRPTW-CNC combines and extends both the standard vehicle routing problem with time windows
and some previous results on the optimal service scheduling problem over a fixed route. We propose
a branch-cut-and-price algorithm to solve the VRPTW-CNC with general convex inconvenience cost
functions. To solve the pricing problem, our labeling algorithm only generates labels that possibly
lead to optimal schedule times over a route, which significantly improves the effectiveness of pricing.
Extensive computational results demonstrate the effectiveness of our approach.

Key words: Vehicle routing problem, branch-cut-and-price, labeling algorithm, convex node
costs, integrated routing and scheduling

1. Introduction

In this paper, we study an extension of the vehicle routing problem with time windows (VRPTW,
Desaulniers et al., 2014) that minimizes the sum of routing costs and customers’ inconvenience costs.
The latter inconvenience cost is defined by a general convex function, one for each customer, that
expresses the customer’s preference for a specific visit time. We call this problem the vehicle routing
problem with time windows and convex node costs (VRPTW-CNC).

For a more formal definition of the VRPTW-CNC, we rely on the following definition of the
VRPTW: Let N = {1, 2, . . . , n} be the set of customers. Each customer i ∈ N has a given demand
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qi and a service time window [ei, `i]. A fleet of K homogeneous vehicles, each with capacity Q, is
stationed at the depot, which is modeled by 0 and n + 1 for representing the start and end of a
route, respectively. For simplicity, we assume that q0 = qn+1 = 0 and the time windows [e0, `0]
and [en+1, `n+1] at the depot are given. The VRPTW is defined on the directed graph G = (V,A)
with vertex set V = N ∪ {0, n + 1} and arc set A. Each arc (i, j) ∈ A has an associated travel
time τij and routing cost cij . A feasible route P = (r0, r1, . . . , rm) in the VRPTW is an elementary
0-(n+ 1)-path in G of length m > 1 that respects the time-window and capacity constraints. The
route P is time-window feasible if there exist schedule times t0, t1, . . . , tm ∈ R with

ti ∈ [eri , `ri ] ∀i ∈ [0 : m] (1a)
ti−1 + τri−1,ri ≤ ti ∀i ∈ [1 : m] (1b)

where [i : j] denotes the integer interval {i, i + 1, . . . , j} for i, j ∈ Z. The route P respects the
vehicle capacity if

∑m
i=0 qri ≤ Q. It has routing costs cP =

∑m
i=1 cri−1,ri . The VRPTW asks for a

set of up to K feasible routes that visit each customer exactly once and minimize the sum of the
routing costs.

The extension introduced in the VRPTW-CNC is that now each vertex i ∈ V has a convex
inconvenience cost function fi(ti) (for the sake of generality, we explicitly include the depot copies
0 and n+ 1). The cost of a route P = (r0, r1, . . . , rm) becomes the sum of the routing costs cP and
the minimum inconvenience cost resulting from the solution of the following (m + 1)-dimensional
optimization problem:

fP = min

{ m∑
i=0

fri(ti) | t0, t1, . . . , tm satisfy (1)
}
. (2)

We refer to (2) as the service scheduling problem. In summary, the VRPTW-CNC extends the
normal routing costs cP of a route P in the VRPTW to cP + fP , where the component fP reflects
the cost of customers’ inconveniences after optimizing the schedule over route P . The VRPTW-
CNC is a three-level optimization problem with interdependent levels for clustering, routing, and
schedule optimization.

We propose a branch-cut-and-price (BCP) algorithm (see Lübbecke and Desrosiers, 2005; De-
saulniers et al., 2005) for the solution of the VRPTW-CNC. The novelty of our algorithm lies in
the column-generation mechanism: we show that dynamic-programming based labeling algorithms
can be used to simultaneously solve the two lower levels of routing and schedule optimization, while
the clustering in the first level is standard. Indeed, clustering relies on an extensive, path-based
formulation of the VRPTW-CNC as a set partitioning formulation. Let Ω be the set of all feasible
VRPTW routes, and let aiP be an indicator on whether or not customer i ∈ N is served by route
P ∈ Ω. The set partitioning formulation uses variables λP for P ∈ Ω to select routes as follows:

min
∑
P∈Ω

(cP + fP )λP (3a)

s.t.
∑
P∈Ω

aiPλP = 1 ∀i ∈ N (3b)∑
P∈Ω

λP ≤ K (3c)

λP ≥ 0 integer ∀P ∈ Ω. (3d)
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The objective (3a) minimizes the total routing and customers’ inconvenience costs, (3b) ensures
that all customers are served in a single visit, and (3c) is the fleet size constraint.

1.1. Literature Review
There are three areas of research related to our paper: (1) routing with costs depending on the

schedule time; (2) applications of convex node costs; and (3) BCP algorithms for the VRPTW. We
review these areas separately.

Routing with Costs Depending on the Schedule Time. The simplest convex (inconvenience) functions
are linear functions. Sexton and Bodin (1985a,b) studied a single-vehicle many-to-many dial-a-ride
problem with one-sided time window constraints and a linear penalty cost. They solved the problem
in a Benders decomposition framework, and used a heuristic to find good solutions for the master
routing problem.

Ioachim et al. (1998) introduced the shortest path problem with time windows and linear node
costs. This is the subproblem in column-generation approaches that have linking constraints be-
tween timing decisions in different routes or schedules (Desaulniers et al., 1998). The survey on
synchronization in vehicle routing problems (Drexl, 2012) stresses its importance. The algorithm
of Ioachim et al. (1998) and its refinements have been used to solve aircraft routing and scheduling
problems (Ioachim et al., 1999), simultaneous optimization of flight and pilot schedules in a recovery
environment (Stojković and Soumis, 2001), periodic airline fleet assignment with time windows and
spacing constraints (Bélanger et al., 2006), vehicle routing problems with pickup-and-delivery re-
quests that require a joint operation of active vehicles (such as trucks) and passive vehicles (loading
devices such as containers or swap bodies) (Tilk et al., 2016), and technician routing and scheduling
problems (Zamorano and Stolletz, 2017). VRPs with soft time windows that have linear penalty
terms result in the same type of subproblem with (piecewise) linear node costs (Liberatore et al.,
2011). In summary, there is already highly effective algorithms for handling linear node costs
in routing and scheduling applications. Therefore, we concentrate on the case of non-linear and
strictly convex inconvenience costs in the following. Concentrating on arbitrary, but strictly convex
inconvenience cost functions also has the advantage that each such function has a unique minimum,
making algorithmic descriptions simpler, because otherwise tie breaking rules have to be specified.

Dumas et al. (1990) studied the service scheduling problem over a fixed route with general
convex node cost functions, i.e., problem (2). Our approach relies on several insights that were
provided in this article. However, our goal is to provide a solution approach for the VRPTW-CNC
column-generation subproblem. This problem is the simultaneous routing and schedule optimization
problem, while the algorithm of Dumas et al. solves only the schedule optimization part. We
therefore summarize in Section 2 the most important findings of Dumas et al.

Applications of Convex Node Costs. Jaw et al. (1986) studied a multi-vehicle many-to-many dial-
a-ride problem with service quality constraints and quadratic inconvenience costs related to the
delivery time and ride duration. They developed a sequential insertion heuristic to assign customers
to vehicles and to determine a feasible schedule of pickups and deliveries of each vehicle. Fagerholt
(2001) studied a pickup and delivery problem with soft time windows in the context of maritime
transportation. Various types of inconvenience cost functions, including piecewise constant, piece-
wise linear, and piecewise quadratic functions etc. were studied in their computational experiments.
Hashimoto et al. (2006) generalized the standard VRPTW by allowing soft time window and soft
traveling time constraints, where both constraints are treated as convex cost functions.
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BCP Algorithms for the VRPTW. For many variants of the VRP, the current most successful exact
algorithms are based on BCP, in which a set partitioning/covering formulation is solved by branch-
and-bound, the linear-programming (LP) relaxation of each node in the branch-and-bound tree is
solved by column generation, and cuts are used optionally to strengthen the relaxation bound. The
pricing problem of column generation can be formulated as an elementary shortest path problem
with resource constraints (SPPRC, Irnich and Desaulniers, 2005), which has been proved to be
strongly NP-hard (Dror, 1994). The most recent enhancements for solving the VRPTW with BCP
are summarized in Pecin et al. (2017). We highlight the fundamental BCP components that we
tailor to our BCP algorithm for the VRPTW-CNC.

Instead of solving the NP-hard elementary SPPRC, Baldacci et al. (2011) introduced the ng-path
relaxation, which only allows cycles of a certain type: a customer can only be revisited if another
customer not in its pre-defined neighborhood has been visited. The size of the ng-neighborhood
controls the tradeoff between the practical difficulty of the pricing subproblem and the quality of
the relaxation bound. Baldacci et al. (2011, 2012b) and many subsequent studies have shown that
using medium-sized ng-neighborhoods often significantly reduces the overall BCP solution time.

The average solution time of the dynamic-programming based labeling algorithms for many
SPPRC variants can also be reduced by bidirectional labeling, first suggested for the SPPRC by
Righini and Salani (2006). In general, bidirectional labeling becomes a key feature when routes can
be long (say more than 20 vertices).

Two rather effective families of valid inequalities are the k-path cuts (Kohl et al., 1999) and the
subset-row (SR) inequalities (Jepsen et al., 2008), where the first and second preserve the structure
of the SPPRC pricing subproblem while the latter SR inequalities require the inclusion of additional
resources in the dynamic-programming based labeling algorithms for the SPPRC.

1.2. Contributions and Structure of the Paper
We summarize the main contributions of this paper as follows.
1. We propose the first exact algorithm for the VRPTW-CNC with general convex inconvenience

costs, which combines and extends both the standard VRPTW and classical results on the
optimal service scheduling problem over a fixed route (Dumas et al., 1990).

2. We propose an effective bidirectional labeling algorithm for the SPPRC with general convex
node costs. This algorithm is crucial for efficiently solving the pricing problem in our proposed
BCP algorithm for the VRPTW-CNC, and it could potentially be used in other general
contexts.

3. We conduct extensive computational experiments to benchmark the performance of the pro-
posed BCP algorithm for solving the VRPTW-CNC. We study the impact of using inconve-
nience cost functions with different factors on the difficulty of the column-generation subprob-
lems and the overall problems. We also show the value of integrated optimization of routing
and scheduling, by comparing the solutions obtained by the VRPTW-CNC and the solutions
obtained by a two-stage heuristic that separates the two optimization problems.

The rest of the paper is organized as follows. In Section 2, we summarize the work of Dumas
et al. (1990) on the service scheduling problem for a fixed route, but we present their findings
using updated notations that allow us to better describe our dynamic-programming based labeling
algorithm for the column-generation subproblem. Before presenting the actual labeling algorithm,
we study in Section 3 the impact of single-vertex extensions on the service scheduling problem. The
BCP algorithm with details on column-generation, branching, and cutting is presented in Section 4.
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Computational results are discussed in Section 5 before the paper closes with final conclusions in
Section 6.

2. Service Scheduling Problem on a Fixed Path

In this section, we briefly review the work of Dumas et al. (1990) who have already shown
how an optimal service schedule and its cost can be determined for a fixed path. For the sake of
simplicity, we assume that the path is given as P = (0, 1, 2, . . . ,m) (otherwise re-index the vertices).
For any i, j ∈ [0 : m] with i ≤ j, we define the (accumulated) travel time from vertex i to vertex j
along path P as Ti,j :=

∑j
h=i+1 τh−1,h.

The algorithm of Dumas et al. (1990) first computes the individual minimum t∗i ∈ [ei, `i] of the
function fi(t) for each i ∈ [0 : m], by relaxing (1b) in the service scheduling problem (2). Two
consecutive minima t∗i−1 and t∗i are said to be in conflict if t∗i−1 + Ti−1,i > t∗i . Then, all conflicts
are resolved by aggregation.

Specifically, the aggregation of two arbitrary consecutive positions i − 1 and i is done by in-
troducing an equality constraint ti−1 + Ti−1,i = ti. For this aggregation over I = [i − 1 : i], the
resulting optimization problem becomes

min fi−1(ti − Ti−1,i) + fi(ti) s.t. ti ∈ [eI , `I ]

with [eI , `I ] := [ei−1 + Ti−1,i, `i−1 + Ti−1,i] ∩ [ei, `i], which is again a one-dimensional convex opti-
mization problem over an interval.

To simplify the description, assume that aggregation has already produced q ≥ 1 disjoint integer
intervals I1, I2, . . . , Iq of the form Ih = [uh : vh] for h ∈ {1, . . . , q} such that

⋃q
h=1 Ih = [0 : m]. In

the following, each integer interval Ih is called a block (the survey by Vidal et al. (2015) uses the
same terminology), and the concatenation of blocks B = I1|I2| . . . |Iq is called a block structure for
[0 : m].

Each block I = [u : v] reduces the (v − u + 1)-dimensional subproblem, min
∑u

i=v fi(ti), over
tu, tu+1, . . . , tv by introducing equalities tu + Tu,u+1 = tu+1, tu+1 + Tu+1,u+2 = tu+2, . . . , tv−1 +
Tv−1,v = tv into the following one-dimensional convex optimization problem, expressed in terms of
the single variable t = tv:

min fI(t) :=
v∑
i=u

fi(t− Ti,v) s.t. t ∈ [eI , `I ] :=
v⋂
i=u

[ei + Ti,v, `i + Ti,v]

We denote its minimum by t∗I . In each iteration of the algorithm proposed by Dumas et al. (1990),
one aggregation of consecutive blocks Ih−1 and Ih is performed if the blocks are in conflict, i.e.,
their minima t∗Ih−1

and t∗Ih satisfy t∗Ih−1
+ Tvh−1,vh > t∗Ih .

In conclusion, the algorithm of Dumas et al. (1990) starts with the initial block structure
[0]|[1]|[2]| . . . |[m] (we use the shorthand notation [i] for [i : i] = {i}) and iteratively resolves conflicts
between consecutive blocks Ih−1 and Ih by aggregating and replacing the two by a single block
(Ih−1∪Ih), until no more conflict exists. We call this final block structure an optimal block structure
for path P . Since the number of aggregation steps is bounded from above by m, this procedure
involves solving between m+ 1 and 2m+ 1 one-dimensional convex optimization problems.

Example 1. We consider the following path P = (0, 1, 2, 3, 4, 5, 6) with the corresponding time
windows and inconvenience cost functions fi(t)’s associated with the seven vertices i ∈ [0 : 6]
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fi(t) =

[ei, `i] =

0

(t− 1)2

[0, 2]

1

(t− 7)2

[1, 6]

2

(t− 9)2

[7, 8]

3

(t− 7)2

[8, 9]

4

(t− 11)2

[10, 11]

5

(t− 15)2

[12, 15]

6

(t− 12 1
2
)2

[14, 18]

T0,1 = 1 T1,2 = 1 T2,3 = 1 T3,4 = 2 T4,5 = 2 T5,6 = 2

Figure 1: Path P = (0, 1, 2, 3, 4, 5, 6) with time windows, travel times, and inconvenience cost
functions.

and travel times Ti−1,i (for i ∈ [1 : 6]) between them as depicted in Figure 1. The algorithm of
Dumas et al. (1990) starts with block structure [0]|[1]|[2]|[3]|[4]|[5]|[6] and optima t∗[0] = 1, t∗[1] =
6, t∗[2] = 8, t∗[3] = 8, t∗[4] = 11, t∗[5] = 15, and t∗[6] = 14. The only initial conflicts of the
form t∗[i−1] + Ti−1,i > t∗[i] exist at positions i = 3 and i = 6. Aggregation of [2] and [3] into [2 : 3]

produces a new inconvenience cost function f[2:3](t) = 2(t− 81
2)2 + 41

2 defined over the time window
[7 + 1, 8 + 1] ∩ [8, 9] = [8, 9]. The minimum of f[2:3](t) on block [2 : 3] is attained at t∗[2:3] = 81

2 .
Similarly, aggregation of [5] and [6] into [5 : 6] produces a new inconvenience cost function

f[5,6](t) = 2(t− 143
4)2 + 101

8 defined over the time window [12 + 2, 15 + 2]∩ [14, 18] = [14, 17], where
the minimum value is attained at t∗[5:6] = 143

4 . After the two conflicts are resolved via aggregation,

fI(t) =

[eI , `I ] =

[0]

(t− 1)2

[0, 2]

[1]

(t− 7)2

[1, 6]

[2 :3]

2(t− 8 1
2
)2 + 4 1

2

[8, 9]

[4]

(t− 11)2

[10, 11]

[5 :6]

2(t− 14 3
4
)2 + 10 1

8

[14, 17]

T0,1 = 1 T1,3 = 2 T3,4 = 2 T4,6 = 4

Figure 2: Situation after aggregation of blocks [2] and [3] into [2 : 3] as well as blocks [5] and [6]
into [5 : 6] for the path P depicted in Figure 1.

the new situation is depicted in Figure 2. The optimal service times are t∗[0] = 1, t∗[1] = 6, t∗[2:3] =

81
2 , t∗[4] = 11, and t∗[5:6] = 143

4 .
One new conflict between t∗[4] = 11 and t∗[5:6] = 143

4 (due to that t∗[4] +T46 = 11+4 = 15 > t∗[5:6] =

143
4) must again be resolved. The aggregation of [4] and [5 : 6] into [4 : 6] leads to an optimal block

structure [0]|[1]|[2 : 3]|[4 : 6] for path P . The resulting inconvenience cost function of block [4 : 6] is
f[4:6](t) = 3(t − 145

6)2 + 101
6 with minimum t∗[4:6] = 145

6 . No more conflict exists. Finally, optimal
service times for P result from t∗0 = 1, t∗1 = 6, t∗3 = t∗[2:3] = 81

2 , and t
∗
6 = t∗[4:6] = 145

6 and the three
introduced equality constraints t∗2 = t∗3 − 1, t∗4 = t∗6 − 4, and t∗5 = t∗6 − 2. The optimal schedule is
given by (t∗i ) = (1, 6, 71

2 , 8
1
2 , 105

6 , 125
6 , 145

6). �

The following additional results for the service scheduling problem can be shown easily:
(i) If conflicts are resolved by going through vertices one by one in an increasing order of their

indices, there are only O(m) tests for conflicts to be performed (see also Dumas et al., 1990,
p. 149).

(ii) When the fi(t)’s are strictly convex inconvenience cost functions, the optimal block structure
of a path is unique. For the sake of simplicity, strict convexity is assumed in the rest of this
paper.
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(iii) For quadratic convex inconvenience cost functions, the aggregation and optimization steps
can be performed in O(1) so that the worst-case running time of the algorithm is O(m). Our
computational analysis on the VRPTW-CNC will use quadratic functions.

3. Extensions of a Fixed Path

In the course of a dynamic-programming based labeling algorithm, paths are extended vertex
by vertex. Assume that P = (0, 1, . . . ,m) is a path and that one extension (out of several possible
extensions) is towards vertexm+1. The earliest possible service time at the last vertexm of path P ,
in the following denoted by αP , is not affected by any extension; It is straightforward to compute αP
using an as-early-as-possible schedule. However, the latest possible schedule time at vertex m may
decrease due to the extension, because it is bounded from above by min{`m, `m+1−Tm,m+1} ≤ `m.
Other and further extensions can decrease the latest possible schedule time at m in different ways.

The consequence of this observation is the following: When it comes to a comparison between
different paths (to see if one can be dominated), it is not sufficient to only know its minimum
cost fP when the full time window [em, `m] of the schedule time at vertex m can be exploited for
path P = (0, 1, . . . ,m). We must also be able to describe the optimal service schedule and its
cost for any restricted time window [αP , x], for any latest possible schedule time at the last vertex
x ∈ [αP , `m], as a result of a potential extension. We want to determine how the optimal block
structure, schedule, and its cost vary depending on the value of x. We denote the latter the path
inconvenience cost function of P by fP (x). Specifically, fP (x) is defined as

fP (x) := min

{
m∑
i=0

fi(ti) | tm ∈ [αP , x] and ti + Ti,i+1 ≤ ti+1, ti ∈ [ei, `i], ∀i ∈ [0 : m− 1]

}
.

This is sharply different from the dominance check for the standard VRPTW problem, where both
cost and schedule time are fixed for a given path, i.e., by serving each customer as early as possible
(since the cost does not depend on the schedule time).

3.1. Variation of the Latest Possible Schedule Time at the Last Vertex
This section provides results for a fixed path P = (0, 1, . . . ,m) and variable latest schedule time

x at its last vertex m. We first introduce a few notations related to the optimal block structure of a
path. Let BP (x) denote the optimal block structure over a path P = (0, 1, . . . ,m), assuming that
the service time window at the last vertex m is [αP , x]. We assume that BP (`m) = I1|I2| . . . |Iq for
some q ∈ [1 : m] with Ih = [uh : vh] for h ∈ [1 : q].

Proposition 1. Given a path P = (0, 1, . . . ,m),
(i) for each x ∈ [αP , `m], there exists an index r(x) ∈ [1 : q] such that the block structure is

BP (x) = I1|I2| . . . |Ir(x)−1|(Ir(x) ∪ Ir(x)+1 ∪ · · · ∪ Iq);
(ii) the function r : [αP , `m]→ [1 : q] is nondecreasing as x increases;
(iii) all possible optimal block structures of BP (x) for x ∈ [αP , `m] are:

I1|I2| . . . |Ip−1|(Ip ∪ Ip+1 ∪ . . . ∪ Iq−1 ∪ Iq)
I1|I2| . . . |Ip−1| Ip| (Ip+1 ∪ . . . ∪ Iq−1 ∪ Iq)
...

...
...

I1|I2| . . . |Ip−1| Ip|Ip+1| . . . |(Iq−1 ∪ Iq)
I1|I2| . . . |Ip−1| Ip|Ip+1| . . . | Iq−1| Iq

7



where p := r(αP );
(iv) if the block structure I1|I2| . . . |Ik−1|(Ik∪Ik+1∪ . . .∪Iq−1∪Iq) is optimal for some x ∈ [αP , `m],

then x lies in the interval Sk defined as follows:
(a) if p < q and k = p, then Sk := [αP , t

∗
Ip

+ Tvp,m];
(b) if p < q and p < k < q, then Sk := [t∗Ik−1

+ Tvk−1,m, t
∗
Ik

+ Tvk,m];
(c) if p < q and k = q, then Sk := [t∗Iq−1

+ Tvq−1,m, `m];
(d) if p = q, then Sk := [αP , `m].
The intervals Sp,Sp+1, . . . ,Sq form a partition of the time window of vertex m, i.e., [αP , `m] =
Sp ∪ Sp+1 ∪ . . . ∪ Sq−1 ∪ Sq and Sk ∩ Sl = ∅ for k 6= l, k, l ∈ [p : q].

(v) The path inconvenience cost function has the following form

fP (x) =

p−1∑
h=1

fIh(t∗Ih) +

r(x)−1∑
h=p

fIh(t∗Ih) + f(Ir(x)∪...∪Iq)

(
min{x, t∗(Ir(x)∪...∪Iq)}

)
, (4)

where x ∈ Sr(x) with r(x) ∈ [p : q]. Note that the first term is a constant, and the second term
depends on x via r(x). Function fP (x) is a monotonically nonincreasing function of x.

Proof: Note first that all statements are trivial if p = q, i.e., BP (x) = I1|I2| . . . |Iq for any
x ∈ [αP , `m]. We can therefore assume p < q in the following.

All statements are consequences of the algorithm of Dumas et al. (1990). Assume that the
optimal block structure BP (`m) = I1|I2| . . . |Iq has been computed with this algorithm. Then,
there exists no conflict between the block minima t∗I1 , t

∗
I2
, . . . , t∗Iq . Note that for each block Ih =

[uh : vh], h ∈ [1 : q], the minimum t∗Ih corresponds to the schedule time at the last vertex vh. The
addition of Tvh,m to these minima produces shifted minima t∗Ih +Tvh,m that all correspond to vertex
m. By the definition of the optimal block structure, we know that the following inequalities hold

t∗I1 + Tv1,m < t∗I2 + Tv2,m < . . . < t∗Iq−1
+ Tvq−1,m < t∗Iq + Tvq ,m︸ ︷︷ ︸

=0

= t∗Iq .

Therefore, the stated bounds (in part (iv)) of intervals Sk for k ∈ [1 : q] are increasing as k increases.
Moreover, the intervals Sk are non-empty.

Note first that when the upper bound of the time window at the last vertex m decreases
starting from x = `m, only the block minimum t∗Iq may change. Indeed, with a decreasing x, t∗Iq
is non-increasing and it changes continuously. Consequently, the first conflict with x decreasing
occurs between the last two blocks Iq−1 and Iq. Then the algorithm of Dumas et al. aggregates
these two blocks Iq−1 and Iq into (Iq−1 ∪ Iq). This happens exactly when x reaches the bound
t∗Iq−1

+ Tvq−1,m, which is the lower bound of Sq. The same argument can be applied recursively to
I1|I2| . . . |Iq−2|(Iq−1 ∪ Iq), which shows the correctness of parts (i)–(iii).

Part (iv) is also a consequence of the above observations. As before, case (d) is trivial and we
can therefore assume p < q in the following. Let Bk = I1|I2| . . . |Ik−1|(Ik ∪ Ik+1 ∪ . . .∪ Iq−1 ∪ Iq) be
an optimal block structure. Case (c) means that decreasing x must not produce any new conflict,
which holds if x ≥ t∗Iq−1

+ Tvq−1,m. This leads to the interval Sq = [t∗Iq−1
+ Tvq−1,m, `m] as stated in

(c).
Now cases (a) and (b) occur when decreasing x creates some conflicts. They can be proven by

induction with respect to k, i.e., knowing that the interval Sk equals [t∗Ik−1
+ Tvk−1,m, t

∗
Ik

+ Tvk,m],
we must show that Sk−1 has the form of case (a) or (b). Obviously, the upper bound of Sk−1 must

8



coincide with the lower bound of Sk. Hence we know that Sk−1 = [l, t∗Ik−1
+Tvk−1,m] for some value

l (this is the upper bound stated in case (a) and (b)). Case (b) results if t∗Ik−2
+ Tvk−2,m > αP

so that another conflict between Ik−2 and (Ik−1 ∪ · · · ∪ Iq) can be produced by decreasing x, i.e.,
l = t∗Ik−2

+ Tvk−2,m. Otherwise, case (a) results.
Finally note that equation (4) of part (v) is a direct consequence of (iv), and the monotonicity

of function fP (x) is clear from its definition. �

Example 2. (continued from Example 1) We now consider a subpath P = (0, 1, 2, 3, 4, 5) of the path
analyzed in Example 1. The calculations in Example 1 show that P has the optimal block structure
[0]|[1]|[2 : 3]|[4]|[5] shown in Figure 3. The optimal service times are (t∗i ) = (1, 6, 71

2 , 8
1
2 , 11, 15).

fI(t) =

[eI , `I ] =

[0]

(t− 1)2

[0, 2]

[1]

(t− 7)2

[1, 6]

[2 :3]

2(t− 8 1
2
)2 + 4 1

2

[8, 9]

[4]

(t− 11)2

[10, 11]

[5]

(t− 15)2

[12, 15]

T0,1 = 1 T1,3 = 2 T3,4 = 2 T4,5 = 2

Figure 3: Result of the algorithm of Dumas et al. for path P = (0, 1, 2, 3, 4, 5).

We now decrease the upper bound x = 15 of the time window of vertex 5. As long as x ≥ 13,
there is no additional conflict created (due to t∗[4] +T45 = 11+2 = 13). Therefore, fP (x) results from
assigning the optimal service times to the first four blocks of I1|I2|I3|I4|I5 = [0]|[1]|[2 : 3]|[4]|[5] and
choosing a best value t∗5 in [12, x] for f[5], which is x. The former evaluates to (1− 1)2 + (6− 7)2 +

(2(81
2 − 81

2)2 + 41
2) + (11− 11)2 = 51

2 , and the latter adds (x− 15)2 so that fP (x) = (x− 15)2 + 51
2

for x ∈ S5 = [13, 15].
We now resolve the first conflict that occurs when x becomes smaller than 13. In this case,

blocks I4 and I5 must be aggregated into [4 : 5]. The resulting inconvenience cost function on
this block is (t − T4,5 − 11)2 + (t − 15)2 = 2(t − 14)2 + 2 with an optimum t∗[4:5] = x for x in
the interval S4 = [t∗[2:3] + T3,5, 13] = [81

2 + 4, 13] = [121
2 , 13]. Here, the lower bound of the inter-

val is again computed by considering the next (second) conflict. The resulting function fP (x) is[
(1− 1)2 + (6− 7)2 + (2(81

2 − 81
2)2 + 41

2)
]

+ (2(x− 14)2 + 2) = 2(x− 14)2 + 71
2 .

Finally, when x becomes smaller than 121
2 , blocks I3, I4, and I5 must be aggregated into [3 : 5].

A similar calculation shows that on the interval S3 = [12, 121
2 ] the path inconvenience cost function

becomes fP (x) = 4(x− 131
4)2 + 93

4 . Here, the lower bound 12 for the interval does not result from
a conflict but is the earliest service time αP at vertex 5. Hence, the entire function fP (x) is known
for all possible x ∈ [12, 15]. The function is depicted in Figure 4. �

In summary, each path P = (0, 1, . . . ,m) has q − p + 1 possible optimal block structures with
p and q defined in Proposition 1. Each of these block structures has an associated interval Sk with
k ∈ [p : q]. The interval [αP , `m] of all possible schedule times at the last vertex m of path P is
partitioned into q − p+ 1 intervals, one for each optimal block structure.

3.2. Optimal Block Structures of an Extended Path
We consider a path P = (0, 1, . . . ,m) with the optimal block structure BP (`m) = I1|I2| . . . |Iq.

We now extend P towards an arbitrary vertex m+ 1. We assume that αP + Tm,m+1 ≤ `m+1 holds
9



12 13 14 15
5

10

15

time x

f (
0
,.
..
,5

)(
x

)

4(x− 131
4)2 + 93

4

2(x− 14)2 + 71
2

(x− 15)2 + 51
2

Figure 4: Function fP (x) for the path (0, 1, 2, 3, 4, 5) from Example 1 defined piecewise on the three
intervals S3 = [12, 121

2 ], S4 = [121
2 , 13], and S5 = [13, 15].

as otherwise P ′ = (P,m+ 1) is infeasible due to a time window violation at vertex m+ 1. Instead
of running the algorithm of Dumas et al. on P ′ from scratch, we describe how the new intervals
Sp′ , . . . ,Sq′ (and their corresponding optimal block structures) of P ′ can be obtained from intervals
Sp, . . . ,Sq of P . This is the key to the efficient label extension of our proposed BCP algorithm,
which will be introduced in Section 4.

First, Proposition 2 given below shows that the first interval Sp′ of P ′ can be obtained by simply
looking up which interval among Sp, . . . ,Sq of P contains αP ′ − Tm,m+1.

Proposition 2. Given a path P = (0, 1, . . . ,m) with the optimal block structure BP (`m) =
I1|I2| . . . |Iq and intervals Sp, . . . ,Sq of fP (x), assume that P ′ = (P,m + 1) is feasible regarding
the time window constraints. Then, the index p′ = r(αP ′) is given by
(i) the index k of interval Sk that contains αP ′ − Tm,m+1, if αP ′ − Tm,m+1 < `m

(in case of a tie, i.e., if αP ′ − Tm,m+1 corresponds to a boundary shared by two intervals, the
index k is chosen as the larger one);

(ii) the value q + 1, if αP ′ − Tm,m+1 ≥ `m;
(in this case, P ′ has only one optimal block structure BP ′(x) = I1|I2| . . . |Iq|[m + 1] for any
x ∈ [αP ′ , `m+1]).

Proof: Note that in case (ii) any feasible service time at vertex m + 1 cannot make a conflict
with block Iq so that BP ′(x) = I1|I2| . . . |Iq|[m + 1] for any x ∈ [αP ′ , `m+1]. In case (i), the time
αP ′ − Tm,m+1 is the latest possible schedule time at vertex m if schedule time at m+ 1 is fixed to
αP ′ (we consider the latest possible schedule time at vertex m, since the path inconvenience cost
function is monotonically nonincreasing). Therefore, the interval with αP ′ − Tm,m+1 ∈ Sk (with
the tie break rule specified in case (i)) implies that blocks Ik| . . . |Iq|[m + 1] are aggregated into
(Ik ∪ . . . ∪ Iq ∪ [m+ 1]). We then have p′ = r(αP ′) = k. �

We now describe how to obtain the last interval Sq′ and its associated optimal block structure
of the extended path P ′ = (P,m + 1), i.e., the one corresponding to its latest possible schedule
time x = `m+1, at the last vertex m + 1. If t∗Iq + Tvq ,m+1 ≤ t∗m+1 then the block structure
I1|I2| . . . |Iq|[m+ 1] is optimal for (P,m+ 1) and x = `m+1, because there is no conflict. Otherwise,
the conflict t∗Iq + Tvq ,m+1 > t∗m+1 between Iq and m + 1 has to be resolved by aggregation. If
q = 1, the optimal block structure for (P,m + 1) and x = `m+1 is simply I1 ∪ [m + 1]. If q > 1,
the aggregated block Iq ∪ [m + 1] with optimum t∗Iq∪[m+1] may cause another conflict with block
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Iq−1, since the block minimum is non-increasing after an aggregation (see the proof of Proposition
1), i.e., t∗Iq∪[m+1] ≤ t∗Iq . In this case, an aggregation into the block Iq−1 ∪ Iq ∪ [m + 1] is required
and the procedure has to be iterated. The procedure terminates with the optimal block structure
I1| . . . |Ik−1|(Ik ∪ . . . ∪ Iq ∪ [m+ 1]), where k satisfies the following conditions:

t∗Ik−1
+ Tvk−1,m+1 ≤ t∗(Ik∪...∪Iq∪[m+1]) and t∗Ik + Tvk,m+1 > t∗(Ik+1∪...∪Iq∪[m+1]). (5)

All of the above observations are summarized in the following proposition.

Proposition 3. Given a path P = (0, 1, . . . ,m) with the optimal block structure BP (`m) = I1|I2| . . . |Iq,
assume that the extension of P to P ′ = (P,m+1) is feasible regarding the time window constraints.
Then the optimal block structure BP ′(`m+1) is given by one of the following two cases:
(i) B = I1|I2 . . . |Iq|[m+ 1] (“A new block is created.”)

if t∗Iq + Tm,m+1 ≤ t∗m+1;
(ii) B = I1| . . . |Ik−1|(Ik ∪ . . . ∪ Iq ∪ [m+ 1]) (“The last few blocks become aggregated.”)

if t∗Iq + Tm,m+1 > t∗m+1 with k defined in conditions (5).

Note that unlike the case for p′ shown in Proposition 2, in general we cannot obtain the index
k defined in conditions (5) by simply looking up the interval of P that contains t∗m+1 − Tm,m+1 or
`m+1−Tm,m+1. Indeed, the index of the interval for the former might be too small, while the index
for the latter might be too large, as shown in the following example.

Example 3. (continued from Examples 1 and 2) For all subpaths P of (0, 1, 2, 3, 4, 5, 6), Figure 5
shows the optimal block structure (divided into the fixed part I1| . . . |Ip−1 and the part Ip| . . . |Iq that
may be aggregated). For each possible aggregated part of Ip| . . . |Iq, the figure also shows the resulting
aggregated block (Ik ∪ · · · ∪ Iq) with p ≤ k ≤ q, the definition of the associated piece of fP (x), and
the interval Sk.

Consider the extension from P = (0, 1, 2, 3, 4, 5) to P ′ = (P, 6), where the index k defined in
conditions (5) is 4, which is neither identical to p = 3 (the index of the interval S3 that contains
t∗6 − T5,6) nor identical to q = 5 (the index of the last interval S5).

4. Branch-Cut-and-Price Algorithm

For solving the linear programming relaxation of the set-partitioning formulation (3), we use a
column-generation algorithm (Desaulniers et al., 2005). Starting with a subset Ω′ ⊂ Ω of feasible
routes, the linear programming relaxation of (3) defined over Ω′ is denoted as the restricted master
program (RMP). The column-generation algorithm alternates between the re-optimization of the
RMP and the solution of the column-generation pricing problem. The latter adds negative reduced-
cost variables to the RMP, if one exists; otherwise the linear programming relaxation is solved to
optimality. For simplicity, we assume that only elementary routes are considered in the pricing
problem unless otherwise stated. The kernel of our approach, the dynamic-programming based
labeling algorithm to solve the pricing problem for column generation, is presented in Section 4.1.
In Section 4.2, we explain how to strengthen the RMP bounds using valid inequalities and our
branching rules.
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4.1. Column Generation.
Let (πi)i∈V be the dual prices of the partitioning constraints (3b) and let µ be the dual price of

the fleet size constraint (3c) of the RMP. For the sake of compactness, we define π0 := πn+1 := µ.
The elementary SPPRC pricing problem of the VRPTW-CNC is defined on the digraph (V,A)
that defines the instance. We define arc reduced costs c̃ij as cij − (πi + πj)/2 for all (i, j) ∈ A.
Recall that the cost of a route P is cP =

∑
(i,j)∈A(P ) cij + fP (`n+1), hence, the reduced cost of P

is c̃P = cP − µ−
∑

i∈V (P ) πi =
∑

(i,j)∈A(P ) c̃ij + fP (`n+1), where V (P ) and A(P ) denote the set of
vertices and arcs of path P , respectively.

4.1.1. Definition of Labels.
A label is a representation of a path P = (0, . . . ,m) that has the potential to finally become a

feasible 0-(n+1)-path with a negative reduced cost. In the VRPTW-CNC, a label has the following
attributes:
Rcost(P ): Accumulated reduced routing costs

∑
(i,j)∈A(P ) c̃ij ;

Rload(P ): Sum of demands covered on the path
∑

i∈V (P ) qi;
Rcust,n(P ): An indicator of whether customer n can be visited in any extension of P , for each

customer n ∈ N .
Moreover, the label stores the path inconvenience cost function fP (x) implicitly, using the following
additional attributes:
p: Index of the first block in BP (`m) that may become aggregated;
q: Index of the last block in BP (`m);
f const(P ): The constant part of the path inconvenience cost function fP (x) that does not depend

on x, given by
∑p−1

h=1 fIh(t∗Ih), cf. the first term in (4);
s∗k(P ): Shifted optima defined as t∗Ik + Tvk,m for blocks Ik, k ∈ [p : q], cf. LHS of (5);
wk(P ): Bounds of intervals Sk = [wk−1, wk] for k ∈ [p : q] (recall that interval Sk corresponds to

block structure Ip| . . . |Ik−1|(Ik ∪ . . . Iq)); Note that there is no need to separately store αP
because wp−1 = αP ;

Σ∗k(P ): Accumulated optimal values defined as
∑k−1

h=p fIh(t∗Ih) for the blocks from Ip to Ik−1 for
k ∈ [p : q], cf. the second term in (4);

f(Ik∪...∪Iq)(x): A representation of the aggregated inconvenience cost functions for k ∈ [p : q] for a
possible last block (Ik∪. . .∪Iq), cf. the third term of (4). Note that the third term of (4) is not
directly f(Ik∪...∪Iq)(x) but uses the function f(Ik∪...∪Iq)(·) with the argument min{x, t∗(Ik∪...∪Iq)}
instead of x.

For the sake of convenience, we define the domain of fP as dom(fP ) = [αP , `m] = [wp−1, wq].

4.1.2. Resource Extension Functions.
The initial label at the starting vertex 0 has attributes p = q = 1, w0 = e0, w1 = `0, the (shifted)

optimum t∗0 (for k = 1), accumulated optimal value 0 (for k = 1), and (aggregated) inconvenience
cost function f0 (for k = 1). Next, we show how a path P = (0, . . . ,m) is extended to a path
P ′ = (P,m+ 1).

With the help of αP = wp−1 and Proposition 2 we can directly compute

αP ′ = max{em+1, αP + Tm,m+1} = max{em+1, wp−1 + Tm,m+1} (6a)

p′ = r(αP ′) =

{
q + 1, if αP ′ − Tm,m+1 ≥ `m
k, where [wk−1, wk] contains αP ′ − Tm,m+1, see Prop. 2. (6b)
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A prerequisite of the following steps is the computation of all new shifted optima (we do this
for all k ∈ [p : q] because the new range p′ to q′ = r(`m+1) is not yet known), which result from the
addition of Tm,m+1 and are given by

s∗k(P
′) = s∗k(P ) + Tm,m+1. (6c)

These are the values on the LHS of conditions (5).
Next, in order to evaluate conditions (5), we compute the aggregated inconvenience cost func-

tions f(Ik∪···∪Iq∪{m+1}) and their optima (i.e., the values on the RHS of conditions (5)). More
precisely, this process is started with k = q + 1, in each iteration the respective conditions (5) of
Proposition 3 is tested and k is decreased afterwards. At the beginning, for k = q+ 1, the resulting
function is the inconvenience cost function fm+1 with optimum t∗m+1 (which can be computed a
priori and stored with the instance). Then, the condition for a new block (Proposition 3 part (i))
is tested. If true, we know that Iq′ = [m + 1] forms a separate, new block with q′ = q + 1. Oth-
erwise, k is decremented (giving k = q), we compute the aggregated inconvenience cost function
f(Iq∪{m+1}) and its optimum, and check conditions (5), i.e., Proposition 3 part (ii). If true, the last
block is (Iq ∪ {m+ 1}), otherwise k is decremented again and the process is repeated. Concerning
the computational complexity, recall that the label of P already stores the functions f(Ik∪···∪Iq) so
that the new aggregated functions f(Ik∪···∪Iq∪{m+1}) result from a single aggregation step with two
one-dimensional convex functions. Summarizing, we have

q′ =

{
q + 1, if t∗Iq + Tm,m+1 ≤ t∗m+1

k (computed as in Condition 5), otherwise
(6d)

and have computed the new aggregated inconvenience cost functions f(Ik∪···∪Iq∪{m+1}) for all k ∈
[p′ : q′].

The missing parts are now simple to compute. First, for p′ the associated bound is wp′−1(P ′) =
αP ′ given by (6a). Second, for k ∈ [p′ : q′], we have

wk(P
′) =

{
min{wk(P ) + Tm,m+1, `m+1}, if k = q′

wk(P ) + Tm,m+1, otherwise (6e)

f const(P ′) = f const(P ) + Σ∗p′(P ) (6f)

Σ∗k(P
′) =

{
Σ∗k(P )− Σ∗p′(P ), if k ≤ q
Σ∗q(P ) + fIq(t∗Iq)− Σ∗p′(P ) if k = q + 1

(6g)

where in the last term the value fIq(t∗Iq) is computed with the help of the function fIq stored within
the label of P (optimization of a one-dimensional convex function). Third, the standard VRPTW
attributes are updated via

Rcost(P ′) = Rcost(P ) + c̃m,m+1 (6h)
Rload(P ′) = Rload(P ) + qm+1 (6i)

Rcust,n(P ′) =

{
Rcust,n(P ) + 1, if n = m+ 1
Rcust,n, otherwise ∀n ∈ N. (6j)

The resulting label is feasible if and only if αP ′ = wp′−1(P ′) ≤ `m+1, Rload(P ′) ≤ Q, and
Rcust,n(P ′) ≤ 1 for all n ∈ N .
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4.1.3. Dominance.
Let P1 and P2 be two different paths ending at the same vertex m with associated labels

(Rcost1 , Rload1 , (Rcust,n1 )n∈N , fP1) and (Rcost2 , Rload2 , (Rcust,n2 )n∈N , fP2), respectively. Here we write,
for example, Rcost1 instead of Rcost(P1) to simplify the notation of each attribute. In the VRPTW,
P1 dominates P2 if Rcost1 ≤ Rcost2 and all three following conditions

αP1 ≤ αP2 , Rload1 ≤ Rload2 , and Rcust,n1 ≤ Rcust,n2 ∀n ∈ N (7)

hold. By contrast, in the VRPTW-CNC, the tradeoff between the latest possible schedule time x
at the last vertex m and the cost must be considered. The consequence is that there exist three
possibilities to define valid dominance rules:

1. Complete dominance between paths P1 and P2: We say that P1 completely dominates P2 if (7)
holds and

Rcost1 + fP1(x) ≤ Rcost2 + fP2(x) ∀x ∈ dom(P2) = [αP2 , `m]. (8)

In this case, P2 can be discarded.
2. Dominance on any real interval: We say that P1 properly dominates P2 on a real interval

[a, b] ⊆ dom(P2) = [α(P2), `m] if (7) holds and

Rcost1 + fP1(x) < Rcost2 + fP2(x) ∀x ∈ [a, b]. (9)

In this case, one cannot immediately discard the label of P2. Instead, several paths may
be needed to dominate P2. Such an approach was first suggested in (Ioachim et al., 1998)
for a piecewise linear tradeoff, and suggested in (Irnich and Villeneuve, 2006) for k-cycle
elimination. Indeed, for a collection of paths {P c1}c∈C , if each P c1 properly dominates P2 on
a real interval [ac, bc] and the union of these intervals is dom(P2), then P2 can be discarded.

3. Dominance on one or several intervals Sk of P2: We say that P1 dominates P2 on interval
Sk of P2 if (7) holds and

Rcost1 + fP1(x) < Rcost2 + fP2(x) ∀x ∈ Sk. (10)

When (10) holds, the part of the piecewise convex function fP2(x) defined over interval Sk
can be discarded. For a given path, an interval Sk corresponds to an optimal block structure
and a one-dimensional convex function fP2(x) defined over Sk, so this dominance idea can
be implemented in a new labeling algorithm where each label represents a path with a fixed
block structure. The advantage of this implementation is that each label only needs to store
a single one-dimensional convex function instead of a piecewise convex function, so that label
extension and dominance rules (10) can be implemented in a compact manner and be tested
very efficiently. Please refer the implementation details to (He and Song, 2016). However,
additional opportunities for label elimination can be offered by dominance on any real interval,
which is not limited to intervals Sk only.

We implement the second dominance rule by storing with each label, i.e., each path P = (1, . . . ,m),
the union of intervals on which it is properly dominated. Specifically, the interval of dominance is
initialized as ∅. Then, for two paths P1 and P2, in order to determine the inclusion-wise maximal
intervals of dominance in (9), we compute the roots of Rcost1 −Rcost2 +fP1(x)−fP2(x). Let the roots
be x1, x2, . . . , xt (a difference of convex functions may have many roots). Then either (−∞, x1),
(x2, x3), (x4, x5), . . . or (x1, x2), (x3, x4), . . . are the inclusion-wise maximal intervals. Via a sign test,
we can determine which case applies. Note that these intervals are open intervals, and we represent
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them as slightly smaller closed intervals using ε-arithmetic. As soon as this union becomes identical
with the domain of fP , dom(fP ), the label can be discarded. Note that care must be taken to avoid
a cyclic dominance between labels, e.g., at time x when equality holds in (8). This is exactly the
reason why the “<” sign is used in the definition of dominance on intervals (cf. (9)).

4.1.4. Refinements.
Several powerful refinements have been invented over the years to significantly accelerate the

column-generation process. We use the ng-path relaxation and bidirectional labeling. We next de-
scribe in details how we adapt the bidirectional labeling procedure into the proposed BCP algorithm
for the VRPTW-CNC, and briefly describe the ng-path relaxation in Appendix A.

Bidirectional labeling for SPPRCs was coined by Righini and Salani (2006) in order to mitigate
the explosion of labels typically observed when paths grow longer. In bidirectional labeling, both
forward paths and backward paths are created, but processed only up to a so-called half-way
point, e.g., defined by the midpoint of the planning horizon in VRPTW variants. When labeling
terminates, suitable forward and backward labels must be merged to obtain complete feasible 0-
(n+1)-paths. Several subsequent works have shown that bounded bidirectional labeling algorithms
are usually superior to their monodirectional counterparts.

A prerequisite for bidirectional labeling is the capability of reversing the labeling process. For
the VRPTW-CNC, the use of the transposed VRPTW-CNC instance allows us to fully reuse the
non-trivial forward resource extension functions (cf. Section 4.1.2) also for backward labeling. In
the transposed VRPTW-CNC instance, arcs are reversed (each original arc (i, j) becomes the arc
(j, i)), all time windows and inconvenience cost functions are inverted ([ei, `i] becomes [−`i,−ei];
fi(t) becomes fi(−t)), the depot vertices 0 and n+ 1 swap their roles, and all other inputs remain
unchanged (fleet size, capacity, demands, routing costs, and travel times). Every feasible (n+ 1)-0-
path in the transposed VRPTW-CNC instance is, after reversion, a feasible 0-(n + 1)-path in the
original instance with identical routing and inconvenience costs, and vice versa.

The merging procedure is the more intricate part of bidirectional labeling. For the sake of
convenience, from now on we describe backward paths as paths P ′bw = (m, . . . , n+ 1) that start at
a vertex m and end at the destination n+ 1, even though they are generated in reverse direction in
the transposed VRPTW-CNC instance. Similar to forward paths, for the backward path P ′bw we
define βP ′bw as the latest point in time when the service at m can feasibly start, i.e., βP ′bw = −wp′
where wp′ is the lower interval bound of the first interval Sp′ when labeling in the transposed
VRPTW-CNC instance. Finally, we also describe their inconvenience cost function fP ′bw(x) as a
non-decreasing function in x over the (original) time window [βP ′bw , `m] ⊆ [em, `m]. The merge is
performed as follows:

First, we choose αP as the (strictly) monotone attribute that is compared against the half-way
point H, i.e., a time point chosen in “the middle” of the time horizon (see also the next paragraph).

Second, the merge condition that a feasible path P = (P fw, P ′bw) results from the concatenation
of a forward path P fw and a backward path P ′bw, ending/starting at m respectively, is simpler to
describe if instead of P ′bw we consider its (backward) predecessor path P bw = pred(P ′bw) starting at
m+ 1, i.e., P ′bw = (m,P bw). The following three conditions must hold for a feasible concatenation
P = (P fw, (m,m+ 1), P bw):

αP fw + Tm,m+1 ≤ βP bw (11a)
Rloadfw +Rloadbw ≤ Q (11b)

Rcust,nfw +Rcust,nbw ≤ 1 ∀n ∈ N (11c)
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where Rfw, fP fw and Rbw, fP fw refer to the attributes of paths P fw and P bw, respectively.
Third, the computation of the reduced cost of P = (P fw, (m,m+ 1), P bw) is the most difficult

part. We generalize the ideas of Tilk et al. (2016) for this step (they presented bidirectional labeling
for piecewise linear costs). Note first that the reduced cost can be written as

c̃P = Rcostfw + c̃m,m+1 +Rcostbw + min
xfw ∈ dom(P fw),

xbw ∈ dom(P bw) :
xfw + Tm,m+1 ≤ xbw

(
fP fw(xfw) + fP bw(xbw)

)
. (12)

The determination of the minimum in (12) is simple and given by the optima of fP fw and fP bw if
they are not conflicting, i.e., if t∗fw + Tm,m+1 ≤ t∗bw (recall that for breaking ties the optimum is
chosen as the smallest/largest possible value, if fP fw/fP bw contains a constant piece, respectively).

Hence, we can assume that there is a conflict between the minima, i.e., t∗fw + Tm,m+1 > t∗bw.
Then, we know that xfw +Tm,m+1 = xbw must hold in (12). One possibility to compute an optimal
xfw (or xbw) is to iteratively aggregate the last few blocks of P fw and P bw. There is however a more
elegant way to accomplish this task when the derivative of fP fw and fP bw can be computed (which
is simple in the case of quadratic inconvenience cost functions): At the minimum, xfw fulfills
that df

Pfw

dx (xfw) +
df

Pbw

dx (xfw + Tm,m+1) = 0. Note that the above function d(x) :=
df

Pfw

dx (x) +
df

Pbw

dx (x+ Tm,m+1) is continuous, strictly monotone, and piecewise defined. The pieces result from
the intersection of intervals Sfwk of the forward label of path P fw with shifted intervals Sbwk′ −Tm,m+1

of the backward label of path P bw. (Intervals Sfwk ’s and Sbwk′ ’s are defined for the forward label
and backward label, respectively, cf. Proposition 1.) We start with k = r(αP fw) and k′ such that
αP fw +Tm,m+1 ∈ Sbwk′ . Hence, the first piece is [a, b] = [wfwk−1, w

fw
k ]∩[wbwk′−1−Tm,m+1, w

bw
k′ −Tm,m+1].

If d(a) ≥ 0, then xfw = a and xbw = a + Tm,m+1 and the minimum in (12) is known. If d(a) < 0
and d(b) ≥ 0, then the unique root x∗ of d(x), i.e., an x∗ ∈ [a, b] with d(x∗) = 0, gives the minima
xfw = x∗ and xbw = x∗ + Tm,m+1 for (12). Otherwise d(a) < 0 and d(b) < 0. Then, we either
increase k or decrease k′ (or both) to determine the next piece [a, b] = Sfwk ∩ (Sbwk′ − Tm,m+1) and
repeat the above two tests. If passing the last piece, the optimum is attained at the latest possible
time xfw = min{`m, βP bw − Tm,m+1} and xbw = min{`m + Tm,m+1, βP bw}.

Finally, the generation of duplicate paths in the merging step is avoided by using the following
check: forward paths P fw must either end at the destination vertex n+ 1 (then the merge is with
the trivial backward path P ′bw = (n + 1)) or αP fw ≥ H must hold. For details refer to (Righini
and Salani, 2006).

Example 4. (continued from Example 1 to 3) We consider again the forward path P fw = (0, 1, 2, 3, 4, 5)
analyzed in Example 2 with fP fw depicted in Figure 4). To demonstrate the merge procedure, we
consider the backward path P ′bw = (5, 6, n+1). Data for vertex 6 and arc (5, 6) was already provided
in Example 1. In addition, we define the time window [en+1, `n+1] = [20, 26] and the inconvenience
cost function fn+1(t) = (t − 24)2 of the destination n + 1. The travel time between 6 and n + 1 is
T6,n+1 = 8.

With the planning horizon [0, 26], we define the half-way point as H = 13 so that m = 5 is really
the merge vertex. The predecessor path of P ′bw is P bw = (6, n + 1). The backward paths and the
inconvenience cost function fP bw(x) are shown in Figure 6. As f∗fw = 15, f∗bw = 14, and T5,6 = 2,
the optima of the forward and the backward path are in conflict. Figure 7 shows how merging is
performed on this example in detail: The merge procedure stops already in the second iteration with
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k = 4 and k′ = 2. The intersection is [a, b] = Sfw4 ∩ Sbw2 = [121
2 , 13] ∩ [14 − 2, 16 − 2] = [121

2 , 13].
By computing the root of d(x) we get xfw = 125

6 and xbw = 145
6 . �

5

fi(t) =

[ei, `i] =

6

(t− 12 1
2
)2

[14, 18]

n+ 1

(t− 24)2
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2(x− 141
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Figure 6: Backward path P ′bw = (5, 6, n+1) and its predecessor P bw = (6, n+1) with time windows,
travel times, and inconvenience cost functions (left side); Function fP bw(x) for the backward path
P bw = (6, n+ 1) of Example 4 defined piecewise on the two intervals S2 = [14, 16] and S1 = [16, 18]
(right side).

Operations on Inconvenience Cost Functions. We briefly summarize the operations on inconve-
nience cost functions that are needed in the course of the dynamic-programming based labeling
algorithm as described above. The operations are:
(i) the shift of a function f by T ∈ R, i.e., the function x 7→ f(x− T );
(ii) the addition/subtraction of two functions f and g;
(iii) the addition of a constant to a function f ;
(iv) the determination of the sign (positive/negative/0) of f at a point x ∈ R;
(v) the determination of the roots of a function f ;
(vi) the reflection of a function f , i.e., the function x 7→ f(−x); and
(vii) the determination of the derivative df

dx(x), as well as operations on df
dx(x) such as shift, addition,

roots, and sign test defined above for f(x).
In the simplest case of a pure forward labeling approach, operations (i) and (ii) are needed

when extending labels (aggregation is based on shift and addition). Operations (iii)–(v) are needed
in the dominance rules because intervals of dominance can be determined by computing the roots
of fP1(x) − fP2(x) + Rcost1 − Rcost2 , see (8) and (9). Pure backward labeling requires in addition
the reflection operation (vi), while our merge procedure needs operations (vii) as it is based on
comparing the derivatives of the forward and backward labels.

It is clear that in the case of convex quadratic inconvenience cost functions, all these operations
can be performed in O(1). In the cases of convex polynomials of degree no more than 4, the
determination of roots can be tricky but explicit formulas are available. In the cases of more
general convex inconvenience cost functions, numerical approaches such as the Newton’s method
could be applied to compute the roots.

4.2. Cutting Planes, Branching, and Node Selection
We use two classes of valid inequalities to strengthen the linear programming relaxation of (3),

2-path cuts and SR inequalities. We briefly sketch the inequalities, the separation algorithms we use,
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Figure 7: Merging of forward path P fw = (0, 1, 2, 3, 4, 5) and backward path P ′bw = (5, 6, n+ 1) of
Example 4.
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and their impact on the SPPRC pricing subproblem in Appendix A. We use a two-level branching
scheme: first we branch on the number of vehicles whenever

∑
P∈Ω λP is fractional. The second

level is the standard branching on arcs (i, j) ∈ A: let the coefficient bijP denote the number of
times that arc (i, j) occurs in path P , we choose the arc with value

∑
P∈Ω bijPλP closest to 0.5

among all arcs (i, j) ∈ A. We use the best first search strategy to select the next node to explore
in the branch-and-bound tree.

5. Computational Results

The BCP algorithm was implemented in C++ and compiled into 64-bit single-thread code with
MS Visual Studio 2015. The experiments were conducted on a standard PC with an Intel(R)
Core(TM) i7-5930k clocked at 3.5 GHz and 64 GB of RAM, by allowing a single thread for each
run. CPLEX 12.7.0 was used to solve the RMPs in the BCP algorithm.

We use the well-known VRPTW benchmark instances from Solomon (1987) with the standard
convention of rounding to one decimal place (following Kohl et al. (1999) and later articles) when
computing the coefficients cij and τij for all arcs (i, j) ∈ A. We define the inconvenience cost

function at each customer i ∈ N as a convex quadratic function fi(t) = ρ ·
(
t− ei+`i

2

)2
, where

ρ ≥ 0 is an inconvenience cost factor that we vary in the following experiments. The value of every
inconvenience cost function is zero in the middle of the corresponding time window. For the depot
node 0 and n+ 1, we assume that there is no inconvenience cost.

The BCP algorithm uses an ng-neighborhood of size 12 and applies heuristic pricing using
smaller networks with 2, 5, and 10 arcs per vertex. Moreover, we stop adding SR inequalities when
a total limit of 100 added cuts is reached, and no more than 10 SR inequalities per customer are
allowed. There is no limitation for adding 2-path cuts.

5.1. Variation of the Inconvenience Cost Factor ρ
In the first experiment, we analyze how the costs and fleet sizes vary as we vary the inconvenience

cost factor ρ. The experiment is performed in order to define reasonable values for the inconvenience
factor ρ, which is used to scale the quadratic inconvenience cost functions fi(t) defined above.

Figure 8 shows how the inconvenience cost, routing cost, and the overall cost for a 50-customer
instance R102.50 depend on the factor ρ. Note that the solution of this instance as a pure VRPTW,
i.e., for ρ = 0, has a routing cost of 909.0 and 11 vehicles/routes are used. Starting from ρ = 10−3,
we increase ρ by a factor of 1.05 in each iteration so that we reach ρ = 100 in 239 iterations. Each
instance, for a given ρ value, is solved twice as explained in the following.

In the left part of this figure, the fleet size is not limited (K = ∞ as in the original Solomon
instances). With an increasing ρ, the inconvenience cost varies non-monotonically between 0 and
approximately 102. In contrast, the routing and overall costs increase monotonically. The routing
cost function is a staircase function while the overall cost changes continuously.

We also display on the left-hand-side of Figure 8 the change of the fleet size: Starting with 11
vehicles for ρ = 10−3, the final solution for ρ = 100 requires 23 vehicles and the average route length
is nearly two customers per route. This means that a high ρ value drives the optimal solution to
only visit customers at their preferred service time, i.e., the middle of the corresponding service time
window. A high ρ value does not increase the inconvenience cost much because high inconvenience
costs can be circumvented by using more vehicles. Indeed, starting from ρ ≈ 36, the solution does
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not change any more because the 23 routes can ensure that every customer i ∈ N is served at the
preferred time (ei + `i)/2 so that routing and overall costs become identical (=1389.9).

In the right part of Figure 8, we fix the number K of vehicles to 11. Now the inconvenience and
overall costs increase very fast. After ρ ≈ 0.39, the inconvenience cost exceeds the routing cost,
which indicates that a larger ρ hardly makes sense.
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Figure 8: Costs and fleet sizes depending on ρ for instance R102.50.

5.2. Computational Performance
Based on the insights of the preceding section, we use ρ = 0.001, 0.01, 0.05, and 0.1 in the

following experiments, in which we also distinguish between unlimited and limited fleet. In the
latter case, K is always chosen as the fleet size K∗ of the respective optimal VRPTW solution. As
optimal routing costs c∗ and fleet sizes K∗ of the Solomon VRPTW instance are scattered over the
literature, we provide these values in Section B of the e-Companion. Overall, the testbed for the
VRPTW-CNC comprises 56 · 3 · 2 · 4 = 1344 instances (56 Solomon instances; n = 25, 50, and 100;
unlimited and limited fleet sizes; four ρ values).

Table 1 summarizes the outcome of the performance evaluation. The table entries have the
following meaning:
• #opt : the number of instances solved to proven optimality;
• Time: the average computational time in seconds, where the computational time for any

unsolved instance is counted as the overall time limit of 3600 seconds;
• B&B : the average number of branch-and-bound nodes solved by the BCP algorithm, where

entries smaller than one can result if root nodes were not solved;
• The columns in section ±% report the increase of costs and fleet sizes relative to the respective

optimal VRPTW solutions, i.e., the respective c∗ and K∗:
-
∑
cP : the average percentage of increase in terms of the routing cost (=100× (

∑
cP −

c∗)/c∗);
-
∑
fP : the average percentage of the inconvenience cost relative to c∗ (=100×∑ fP /c

∗);
- Fleet : the average percentage of increase in terms of the fleet size (=100×(K−K∗)/K∗).

Note that averages in this section are taken only over those VRPTW-CNC instances that were
solved to optimality. Further aggregated results, grouped by the Solomon classes R1, C1, RC1, R2,
C2, and RC2 can be found in Section C of the e-Companion.
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Unlimited Fleet Limited Fleet

Instances ±% ±%

ρ n #opt Time B&B
∑
cP

∑
fP Fleet #opt Time B&B

∑
cP

∑
fP

0.001 25 56/56 63.5 1.4 11.9 9.0 30.7 53/56 357.1 1.0 6.6 19.4
50 40/56 1495.1 2.4 7.8 7.3 13.2 33/56 1659.7 1.7 2.8 7.5
100 10/56 3060.7 0.8 0.2 3.7 0.7 10/56 3025.3 0.6 0.2 3.7

Total 106/168 1539.8 1.5 9.3 7.9 21.3 96/168 1680.7 1.1 4.6 13.7

0.01 25 56/56 1.8 1.1 36.8 14.9 89.0 52/56 398.9 0.9 16.7 155.2
50 51/56 480.8 4.9 44.3 15.7 125.4 26/56 2119.4 5.3 10.0 26.6

100 19/56 2541.0 34.8 44.5 18.3 128.8 9/56 3075.4 0.5 2.5 29.9
Total 126/168 1007.9 13.6 41.0 15.8 109.7 87/168 1864.6 2.2 13.2 103.8

0.05 25 56/56 0.5 1.0 59.9 10.6 141.5 50/56 450.1 1.0 19.7 555.7
50 55/56 125.8 1.4 68.1 16.0 181.7 24/56 2291.5 3.1 13.0 133.1

100 37/56 1604.9 2.1 98.5 16.6 262.8 9/56 3172.1 0.5 5.1 144.2
Total 148/168 577.1 1.5 72.6 14.1 186.8 83/168 1971.2 1.5 16.2 388.9

0.1 25 56/56 0.5 1.0 65.0 13.2 157.4 51/56 471.1 1.1 23.3 1097.0
50 55/56 162.2 3.4 79.6 17.2 210.8 24/56 2359.3 9.1 14.8 256.5

100 43/56 1186.0 4.7 104.9 18.3 297.6 8/56 3233.9 0.7 5.5 233.2
Total 154/168 449.5 3.0 81.4 16.1 215.6 83/168 2021.4 3.6 19.1 770.7

Total 534/672 893.6 4.9 55.1 13.8 144.1 349/672 1884.5 2.1 13.0 305.4

Table 1: Aggregated results over 1344 VRPTW-CNC instances.

Comparing the number of solved instances and the average computational time, the VRPTW-
CNC with limited fleet size is much harder to solve than the one with unlimited fleet size (349 vs.
534 instances solved out of a total of 672 instances, 1884.5 seconds vs. 893.6 seconds).

The impact of the inconvenience cost factor ρ on the performance of the BCP algorithm strongly
depends on the presence of a fleet size limit. On one hand, a larger ρ makes instances with unlimited
fleet easier to solve. A larger ρ value somewhat guides the optimal solution to where the service
start time at each customer i ∈ N is close to (ei+`i)/2, i.e., where the inconvenience costs diminish.
Hence, a large ρ mimics the pure VRPTW with narrow time windows. This is in line with the
observation that the fleet size in use drastically increases with a larger ρ: meeting the preferred
service start time (ei + `i)/2 of each customer makes the schedule optimization less flexible (all
these preferred times concentrate around the midpoint of the planning horizon), and a cost-efficient
solution only results when more vehicles can compensate the loss in the schedule flexibility. Note
that for unlimited fleet, the routing costs can increase up to +652% while the inconvenience costs
never exceed 114.2% of the routing cost in the optimal VRPTW solution, see detailed results in
Section D of the e-Companion.

On the other hand, a larger ρ makes the limited fleet instances harder to solve. We interpret
this outcome in the following way: With a limited fleet size K = K∗, even finding feasible solutions
becomes a (practically) more difficult optimization problem. From BCP algorithms for the VRPTW
it is known that, when branching on the number of vehicles, the ≤-branch often consumes a rather
long computational time. Moreover, in the VRPTW-CNC with limited fleet, a larger ρ makes the
inconvenience costs the main part of the overall cost. Indeed, the detailed results in Section D of
the e-Companion show that inconvenience costs can reach 27294% (i.e. a factor of 273 in the overall
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Geometric mean z∗/z(2SH)

n = 25 n = 50

ρ R1 C1 RC1 R2 C2 RC2 R1 C1 RC1 R2 C2 RC2

0.001 0.974 0.645 0.979 0.634 0.347 0.594 0.993 0.746 0.992 0.735 0.468 0.636
0.01 0.827 0.400 0.795 0.163 0.146 0.153 0.738 0.426 0.924 0.122 0.109 0.153
0.05 0.504 0.150 0.458 0.050 0.048 0.040 0.425 0.166 0.454 0.036 0.029 0.030
0.1 0.380 0.088 0.305 0.027 0.027 0.022 0.310 0.094 0.325 0.020 0.015 0.021

Table 2: Comparison between VRPTW-CNC solutions and solutions obtained with the two-stage
heuristic.

cost). Here, inconvenience costs completely superimpose the routing costs, which never increase
by more than 104.3%. This obviously complicates finding good routing decisions for the SPPRC
subproblem.

5.3. Value of Integrated Optimization
Finally, we compare the costs of optimal VRPTW-CNC solutions with the costs of solutions

obtained by the following two-stage heuristic (2SH ): First solve the respective VRPTW to obtain
the routes and routing costs

∑
cP , and then solve the service scheduling problem (2) over each route

to obtain
∑
fP . While the VRPTW-CNC optimizes

∑
(cP + fP ) simultaneously, 2SH optimizes∑

cP first, and then optimizes fP for each obtained route P .
Table 2 shows the value of integrated optimization. More precisely, let z∗ denote the cost of

an optimal solution to the VRPTW-CNC with unlimited fleet and let z(2SH) denote the cost of
the solution obtained by the 2SH. To make it a fair comparison, when solving the VRPTW in the
2SH, we set the number of vehicles to be the same as the one used in the optimal solution of the
VRPTW-CNC. The geometric mean of the ratios z∗/z(2SH) (note that ratios are always less than
or equal to 1) is shown for instances with different sizes (n = 25 and n = 50) and for different
Solomon classes. We omit instances with n = 100 due to the relatively small number of instances
solved to optimality for the VRPTW-CNC in this case.

We see from Table 2 that the value of integrated routing and schedule optimization is significant
in terms of the total cost. Sequentially solving the two problems separately leads to a much higher
cost, mostly as a result of a high inconvenience cost. First, comparing the results across different
classes of instances, we see that the benefit of integrated routing and scheduling decisions is higher
in the C1 and C2 instances, where customers are located roughly in several clusters, whereas it is
lower in the R1 and R2 instances, where customers are randomly spread out (results on RC1 and
RC2 instances lie between these two extremes). Optimal VRPTW solutions to C1 and C2 instances
fully exploit the cluster structure to minimize the routing cost. Their routes are locally concentrated
on the clusters, leading to a high inconvenience cost in 2SH. In addition, we see that the value of
integrated decision is much higher for instances with wider time windows (Series 2 with classes R2,
C2, and RC2) than for instances with narrower time windows (Series 1). The explanation is simple:
All optimal VRPTW solutions exploit the entire time windows (for the purpose of minimizing
travel cost). For instances with wider time windows, some service start times then lie farther away
from the preferred service start times of the VRPTW-CNC, leading to higher inconvenience costs.
Finally, comparing the results for different ρ values, we see that the value of integration increases
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monotonically as the value of ρ increases. Indeed, the differences between optimal routes obtained
by the VRPTW-CNC and optimal routes obtained by the VRPTW become more significant when
more weights are put on the inconvenience cost in the objective function, as ρ increases.

6. Conclusions

Customer satisfaction and transportation cost are among the most frequently used metrics by
logistics companies to measure operational performance. In this paper, we proposed the VRPTW-
CNC as a model that captures both objectives, because it minimizes a linear combination of routing
costs and customers’ inconvenience costs, by determining vehicle routes for a given fleet and sched-
uled service times for customers simultaneously. With general convex inconvenience cost functions,
the VRPTW-CNC falls into the category of mixed-integer convex programs, which are very chal-
lenging to solve in general. We proposed a BCP algorithm to solve the VRPTW-CNC to optimality.
Its key component is an effective labeling algorithm for the pricing problem, which heavily exploits
the structure of optimal schedule times over a fixed route. Extensive computational results demon-
strated that: (1) Taking customers’ inconvenience costs into consideration has a significant impact
on the decisions of fleet size and vehicle routes; (2) With a fixed fleet size, placing more emphasis on
customers’ inconvenience costs increases the difficulty of the problem; (3) VRPTW-CNC instances
with up to 100 customers can be solved exactly with our BCP algorithm. It can serve as a useful
planning tool to evaluate the trade-off between operating cost and service quality for fleet managers.
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Appendix

A. Additional Refinement of the BCP Algorithm using ng-Routes and Valid Inequal-
ities

ng-Path Relaxation. As mentioned in Section 1.1, allowing non-elementary ng-paths in the RMP
helps to control the tradeoff between the strength of the corresponding linear programming relax-
ation bound and the practical difficulty of solving SPPRC subproblems.

The ng-path relaxation is a family of relaxations defined by the so-called neighborhoods (Ni)i∈N ,
where each Ni fulfills i ∈ Ni ⊂ N . For a customer i ∈ N , the neighborhood Ni comprises a set
of customers j ∈ Ni with a high potential to occur on a cycle C = (i, . . . , j, . . . , i). The ng-path
relaxation allows exactly those non-elementary paths P = (r0, r1, . . . , rm), where on each cycle
i = rj = rk, j < k, there exists an index h with j < h < k and i /∈ Nh, see Baldacci et al. (2011)
for details.

2-Path Cuts. The first class of valid inequalities (cuts) is the k-path cuts as introduced by Kohl
et al. (1999) for the VRPTW with k = 2. For any subset W ⊂ N that cannot be visited by a single
vehicle due to time window constraints, the flow into/out of W must be greater than or equal to 2.
Let δ+(W ) be the positive cut set consisting of all arcs (i, j) ∈ A with i ∈W and j /∈W , then the
corresponding 2-path inequality is given by

∑
P∈Ω

∑
(i,j)∈δ+(W ) bijPλP ≥ 2, where the coefficient

bijP describes the number of times that route P traverses arc (i, j). Testing that W qualifies for
a 2-path cut can be done by showing that there is no feasible solution to the traveling salesman
problem with time windows (TSPTW) defined on W ∪ {0, n+ 1} (with origin 0, destination n+ 1,
and travel times and time windows as in the VRPTW-CNC). 2-path cuts are robust cuts, i.e., they
leave the structure of the pricing problem unaltered. Only the dual value of each 2-path cut present
in the RMP needs to be subtracted from the reduced cost of the arcs (i, j) ∈ δ−(W ). We use the
heuristic proposed by Kohl et al. (1999) to generate candidate sets W . For each candidate set, we
solve the corresponding TSPTW with a dynamic programming algorithm (as the one of Baldacci
et al., 2012a), and if infeasible the corresponding inequality is added.

Subset-Row Inequalities. The second class of valid inequalities that we use is the subset-row inequal-
ities (SR inequalities, Jepsen et al., 2008) defined on subsets U ⊂ N of cardinality three. Defining
hUP as the number of times that route P visits a customer in U , the associated SR inequality is∑

P∈ΩbhUP
2 cλP ≤ 1. Violated SR inequalities can be separated by straightforward enumeration.

The addition of SR inequalities to the RMP, however, requires some adjustments in the labeling
algorithm. The value of the dual price σU ≤ 0 of a subset-row inequality defined on subset U has
to be subtracted from the reduced cost of a label for every second visit to vertices in U (one can in-
terpret −σU as a penalty for visiting vertices in U). Therefore, an additional binary resource RSR,U

is needed in each label for each (active) inequality counting the parity of the number of times that
a vertex in U is visited (for details see Jepsen et al., 2008).

For comparing two paths P1 and P2 w.r.t. dominance, let

σ(P1, P2) =
∑

U :RSR,U
1 =1,RSR,U

2 =0

σU

be the sum of the dual prices of SR inequalities on which P1 is closer to paying the penalty −σU
than P2. Then, the non-negative term −σ(P1, P2) has to be added to the LHS of (8) or (9). Note
that the resources TSR,U are not compared directly, i.e., the only dominance conditions are given
by (7) and the modified inequalities (8) and (9), respectively.
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B. Optimal Routing Costs and Fleet Sizes of Solomon’s VRPTW Instances

Table 3 gives the minimum routing cost c∗ and the number K∗ of vehicles used in this solution
for all Solomon instances. These results were either computed with our own BCP algorithm for the
VRPTW or taken from the literature1.

Series 1 — Short Routes Series 2 — Long Routes

n = 25 n = 50 n = 100 n = 25 n = 50 n = 100

Instance c∗ K∗ c∗ K∗ c∗ K∗ Instance c∗ K∗ c∗ K∗ c∗ K∗

R101 617.1 8 1044.0 12 1637.7 20 R201 463.3 4 791.9 6 1143.2 8
R102 547.1 7 909.0 11 1466.6 18 R202 410.5 4 698.5 5 1029.6 8
R103 454.6 5 772.9 9 1208.7 14 R203 391.4 3 605.3 5 870.8 6
R104 416.9 4 625.4 6 971.5 11 R204 355.0 2 506.4 2 731.3 5
R105 530.5 6 899.3 9 1355.3 15 R205 393.0 3 690.1 4 949.8 5
R106 465.4 5 793.0 8 1234.6 13 R206 374.4 3 632.4 4 875.9 5
R107 424.3 4 711.1 7 1064.6 11 R207 361.6 3 575.5 3 794.0 4
R108 397.3 4 617.7 6 932.1 10 R208 328.2 1 487.7 2 701.0 4
R109 441.3 5 786.8 8 1146.9 13 R209 370.7 2 600.6 4 854.8 5
R110 444.1 5 697.0 7 1068.0 12 R210 404.6 3 645.6 4 900.5 6
R111 428.8 4 707.2 7 1048.7 12 R211 350.9 2 535.5 3 746.7 4
R112 393.0 4 630.2 6 948.6 10

C101 191.3 3 362.4 5 827.3 10 C201 214.7 2 360.2 3 589.1 3
C102 190.3 3 361.4 5 827.3 10 C202 214.7 2 360.2 3 589.1 3
C103 190.3 3 361.4 5 826.3 10 C203 214.7 2 359.8 3 588.7 3
C104 186.9 3 358.0 5 822.9 10 C204 213.1 1 588.7 2 588.1 3
C105 191.3 3 362.4 5 827.3 10 C205 214.7 2 359.8 3 586.4 3
C106 191.3 3 362.4 5 827.3 10 C206 214.7 2 359.8 3 586.4 3
C107 191.3 3 362.4 5 827.3 10 C207 214.5 2 359.6 3 585.8 3
C108 191.3 3 362.4 5 827.3 10 C208 214.5 2 350.5 2 585.8 3
C109 191.3 3 362.4 5 827.3 10

RC101 461.1 4 944.0 8 1619.8 15 RC201 360.2 3 684.8 5 1261.8 9
RC102 351.8 3 822.5 7 1457.4 14 RC202 338.0 3 613.6 5 1092.3 8
RC103 332.8 3 710.9 6 1258.0 11 RC203 326.9 3 555.3 4 923.7 5
RC104 306.6 3 545.8 5 1132.3 10 RC204 299.7 3 444.2 3 783.5 4
RC105 411.3 4 855.3 8 1513.7 15 RC205 338.0 3 630.2 5 1154.0 7
RC106 345.5 3 723.2 6 1372.7 12 RC206 324.0 3 610.0 5 1051.1 7
RC107 298.3 3 642.7 6 1207.8 12 RC207 298.3 3 558.6 4 962.9 6
RC108 294.5 3 598.1 6 1114.2 11 RC208 269.1 2 476.7 3 776.1 4

Table 3: Optimal routing costs c∗ and fleet size K∗ for Solomon’s VRPTW instances

1We would like to thank Prof. Guy Desaulniers for providing some values that we could not compute by ourselves
or retrieve from public sources.
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C. Aggregated Computational Results

Tables 4 and 5 provide more details on the performance of the BCP algorithm for the VRPTW-
CNC. Results are presented in aggregated manner grouped by Solomon class (R1, C1, RC1, R2,
C2, RC2). The meaning of the column entries are identical to those of Table 1.
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Unlimited Fleet Limited Fleet

Instances ±% ±%

ρ n Class #opt Time B&B
∑
cP

∑
fP Fleet #opt Time B&B

∑
cP

∑
fP

0.001 25 R1 12/12 1.3 1.0 0.6 4.6 5.8 12/12 0.2 1.0 0.4 5.0
C1 9/9 19.1 2.3 21.7 19.4 33.3 8/9 473.6 1.0 7.5 55.8

RC1 8/8 6.8 1.0 0.8 4.7 0.0 8/8 2.9 1.0 0.8 4.7
R2 11/11 263.0 1.9 16.1 7.3 50.0 10/11 707.8 0.9 12.9 11.4
C2 8/8 30.4 1.0 24.6 15.1 93.8 7/8 736.1 0.9 9.3 45.5

RC2 8/8 22.1 1.0 10.7 4.6 6.3 8/8 254.6 1.0 10.8 6.5
Total 56/56 63.5 1.4 11.9 9.0 30.7 53/56 357.1 1.0 6.6 19.4

50 R1 9/12 1075.2 3.3 0.8 4.8 1.4 9/12 924.4 2.7 0.7 5.0
C1 7/9 1175.5 3.7 18.3 15.0 31.4 6/9 1375.7 0.8 0.2 15.2

RC1 8/8 1398.7 4.8 0.6 6.1 0.0 8/8 459.2 4.8 0.6 6.1
R2 4/11 2518.7 0.6 10.2 5.6 11.3 5/11 2376.7 1.1 10.8 7.5
C2 6/8 1531.1 1.5 13.0 5.5 33.3 1/8 3151.6 0.1 0.0 1.7

RC2 6/8 1137.4 0.8 8.8 6.3 8.3 4/8 1805.1 0.5 6.3 5.6
Total 40/56 1495.1 2.4 7.8 7.3 13.2 33/56 1659.7 1.7 2.8 7.5

100 R1 3/12 2814.5 2.1 0.4 1.1 0.0 3/12 2716.5 1.5 0.4 1.1
C1 4/9 2190.6 1.2 0.2 6.4 0.0 4/9 2060.1 0.6 0.2 6.4

RC1 2/8 2905.2 0.5 0.1 1.8 3.3 2/8 2956.7 1.0 0.1 1.8
R2 0/11 3600.0 n.a. n.a. n.a. n.a. 0/11 3600.0 n.a. n.a. n.a.
C2 1/8 3283.6 0.4 0.0 4.2 0.0 1/8 3277.6 0.1 0.0 4.2

RC2 0/11 3600.0 n.a. n.a. n.a. n.a. 0/11 3600.0 n.a. n.a. n.a.
Total 10/56 3060.7 0.8 0.2 3.7 0.7 10/56 3025.3 0.6 0.2 3.7

Total 106/168 1539.8 1.5 9.3 7.9 21.3 96/168 1680.7 1.1 4.6 13.7

0.01 25 R1 12/12 0.2 1.0 12.5 11.5 26.6 12/12 4.6 1.0 6.9 29.4
C1 9/9 0.2 1.2 84.2 22.2 144.4 8/9 451.6 1.0 15.6 526.3

RC1 8/8 9.0 1.3 11.0 23.4 8.3 8/8 8.9 1.0 6.1 29.5
R2 11/11 0.8 1.0 33.0 7.3 86.4 9/11 842.2 0.8 33.3 19.7
C2 8/8 0.8 1.5 68.0 18.9 287.5 7/8 873.2 0.9 18.5 422.0

RC2 8/8 1.5 1.0 19.2 9.7 6.3 8/8 237.1 1.0 22.9 17.2
Total 56/56 1.8 1.1 36.8 14.9 89.0 52/56 398.9 0.9 16.7 155.2

50 R1 12/12 98.2 4.3 17.6 14.3 36.2 8/12 1309.9 1.8 8.1 20.1
C1 9/9 2.6 6.1 100.1 26.2 177.8 5/9 1662.3 0.7 4.8 82.7

RC1 4/8 1865.6 16.5 7.4 8.4 10.3 4/8 2251.0 32.4 5.3 19.1
R2 11/11 268.4 1.0 39.0 11.6 145.8 3/11 2871.5 0.3 22.9 4.6
C2 8/8 43.1 1.5 65.5 21.0 325.0 2/8 2974.4 0.3 6.9 3.8

RC2 7/8 937.4 1.3 23.5 9.7 16.7 4/8 1827.2 0.5 16.5 4.7
Total 51/56 480.8 4.9 44.3 15.7 125.4 26/56 2119.4 5.3 10.0 26.6

100 R1 4/12 2536.7 3.3 4.2 6.3 6.6 3/12 2756.8 1.4 2.5 5.0
C1 7/9 1083.5 164.2 67.4 26.1 118.6 4/9 2085.7 0.4 2.5 54.2

RC1 2/8 2795.3 5.9 5.1 6.1 10.0 1/8 3198.2 0.5 0.1 5.9
R2 1/11 3337.0 0.3 13.1 5.2 37.5 0/11 3600.0 n.a. n.a. n.a.
C2 4/8 2177.1 47.3 80.2 29.6 375.0 1/8 3297.9 0.1 5.4 31.7

RC2 1/8 3202.6 0.1 12.2 3.3 33.3 0/8 3600.0 n.a. n.a. n.a.
Total 19/56 2541.0 34.8 44.5 18.3 128.8 9/56 3075.4 0.5 2.5 29.9

Total 126/168 1007.9 13.6 41.0 15.8 109.7 87/168 1864.6 2.2 13.2 103.8

Table 4: Aggregated results over 672 VRPTW-CNC instances.
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Unlimited Fleet Limited Fleet

Instances ±% ±%

ρ n Class #opt Time B&B
∑
cP

∑
fP Fleet #opt Time B&B

∑
cP

∑
fP

0.05 25 R1 12/12 0.1 1.0 30.3 14.0 67.4 12/12 14.2 1.2 10.9 134.8
C1 9/9 0.1 1.0 119.6 7.2 188.9 8/9 430.8 1.0 23.4 2616.3

RC1 8/8 1.2 1.0 49.3 20.1 71.9 8/8 7.8 1.0 8.9 140.3
R2 11/11 0.3 1.2 42.6 10.4 158.3 9/11 890.8 0.8 39.2 79.7
C2 8/8 0.5 1.0 96.4 1.4 356.3 6/8 934.3 0.8 18.9 510.6

RC2 8/8 1.4 1.0 34.7 9.6 31.3 7/8 477.9 1.0 18.3 47.6
Total 56/56 0.5 1.0 59.9 10.6 141.5 50/56 450.1 1.0 19.7 555.7

50 R1 12/12 3.8 1.3 38.2 19.2 84.1 9/12 1551.2 3.5 13.0 95.9
C1 9/9 0.5 1.0 140.0 8.3 233.3 5/9 1674.6 0.6 8.7 403.5

RC1 8/8 201.2 3.3 42.4 25.2 60.9 4/8 2046.9 14.8 8.3 58.2
R2 11/11 20.3 1.0 55.8 17.7 241.2 2/11 2998.1 0.2 20.5 12.4
C2 8/8 153.4 1.0 96.8 0.8 420.8 0/8 3600.0 n.a. n.a. n.a.

RC2 7/8 492.0 1.0 42.8 24.5 54.0 4/8 2060.5 0.5 19.5 14.1
Total 55/56 125.8 1.4 68.1 16.0 181.7 24/56 2291.5 3.1 13.0 133.1

100 R1 10/12 1141.5 6.3 42.5 23.8 84.9 3/12 2861.2 1.5 6.4 16.9
C1 9/9 12.4 1.0 136.4 9.5 218.9 4/9 2516.8 0.4 4.1 267.6

RC1 7/8 1446.6 2.3 37.6 18.5 65.6 1/8 3233.5 0.4 5.2 17.8
R2 4/11 2667.4 0.6 85.1 35.0 315.6 0/11 3600.0 n.a. n.a. n.a.
C2 4/8 1837.1 0.8 325.6 0.3 1250.0 1/8 3298.0 0.1 5.4 158.4

RC2 3/8 2557.0 0.6 28.6 7.2 60.5 0/8 3600.0 n.a. n.a. n.a.
Total 37/56 1604.9 2.1 98.5 16.6 262.8 9/56 3172.1 0.5 5.1 144.2

Total 148/168 577.1 1.5 72.6 14.1 186.8 83/168 1971.2 1.5 16.2 388.9

0.1 25 R1 12/12 0.0 1.0 37.1 17.8 91.0 12/12 11.6 2.0 13.5 266.0
C1 9/9 0.1 1.0 128.0 0.9 200.0 8/9 432.9 1.0 27.8 5225.8

RC1 8/8 0.5 1.0 57.9 27.3 84.4 8/8 10.5 1.0 9.5 279.7
R2 11/11 0.3 1.0 47.4 12.7 190.9 9/11 1013.4 0.8 40.1 158.3
C2 8/8 1.0 1.0 97.6 1.0 362.5 6/8 922.4 0.8 18.9 1021.2

RC2 8/8 1.3 1.0 34.7 19.2 31.3 8/8 466.7 1.0 31.7 144.8
Total 56/56 0.5 1.0 65.0 13.2 157.4 51/56 471.1 1.1 23.3 1097.0

50 R1 12/12 1.6 1.0 50.8 20.5 112.8 9/12 1828.2 8.2 14.9 189.2
C1 9/9 0.2 1.0 147.9 2.9 244.4 5/9 1664.1 0.6 10.3 804.0

RC1 8/8 158.4 16.3 55.8 31.2 80.1 3/8 2357.0 50.1 10.0 93.2
R2 11/11 13.9 1.0 67.5 18.4 304.5 2/11 3032.8 0.2 20.5 24.9
C2 7/8 555.2 0.9 110.6 0.9 481.0 1/8 3245.9 0.1 8.3 10.6

RC2 8/8 399.8 2.5 59.4 26.9 85.2 4/8 2127.6 0.5 22.3 23.2
Total 55/56 162.2 3.4 79.6 17.2 210.8 24/56 2359.3 9.1 14.8 256.5

100 R1 11/12 483.1 6.3 58.6 24.3 119.5 3/12 2954.2 2.6 7.6 31.9
C1 9/9 7.2 1.0 144.3 7.5 230.0 3/9 2629.6 0.3 2.6 474.0

RC1 4/8 1831.2 19.3 26.8 14.8 54.8 1/8 3214.6 0.4 8.2 31.1
R2 8/11 1526.1 0.9 91.1 33.2 340.8 0/11 3600.0 n.a. n.a. n.a.
C2 6/8 1338.8 0.8 234.1 0.7 916.7 1/8 3483.2 0.1 5.4 316.9

RC2 5/8 2300.5 1.1 65.7 24.7 193.5 0/8 3600.0 n.a. n.a. n.a.
Total 43/56 1186.0 4.7 104.9 18.3 297.6 8/56 3233.9 0.7 5.5 233.2

Total 154/168 449.5 3.0 81.4 16.1 215.6 83/168 2021.4 3.6 19.1 770.7

Table 5: Aggregated results over 672 VRPTW-CNC instances.
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D. Detailed Computational Results

The following 24 Tables 6–29 provide results per instance. Columns with headers identical
to those mentioned in the manuscript have identical meaning. The additional columns have the
following meaning:
Opt: Optimal solution value (=routing cost plus inconvenience cost);
UB: Upper bound resulting from a possibly not optimal integer solution;
LBroot: Lower bound resulting from the linear programming relaxation after adding cuts;
LBtree: Lower bound resulting from branch-and-bound;
%Gap: Remaining gap in percent, i.e., 100 · (UB − LBtree)/LBtree;
2-path: Number of separated 2-path cuts
SR: Number of separated subset-row inequalities
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VRPTW-CNC with Unlimited Fleet

Bounds Cuts Costs and Fleet VRPTW

Instance Opt UB LBroot LBtree %Gap Time B&B 2-path SR
∑
cP

∑
fP Fleet c∗ K∗

R101 617.21 617.21 0.000 0.1 1 0 0 617.1 0.11 8 617.1 8
R102 570.20 570.20 0.000 0.2 1 5 0 550.9 19.30 7 547.1 7
R103 490.88 490.88 0.000 1.0 1 6 10 463.5 27.38 6 454.6 5
R104 455.12 455.12 0.000 0.9 1 0 0 416.9 38.22 4 416.9 4
R105 532.06 532.06 0.000 0.2 1 0 0 530.7 1.36 6 530.5 6
R106 489.29 489.29 0.000 0.4 1 6 0 473.3 15.99 5 465.4 5
R107 461.95 461.95 0.000 1.1 1 9 0 430.8 31.15 5 424.3 4
R108 434.51 434.51 0.000 3.0 1 0 0 399.2 35.31 4 397.3 4
R109 448.38 448.38 0.000 0.4 1 0 0 441.3 7.08 5 441.3 5
R110 454.59 454.59 0.000 3.3 1 0 20 444.1 10.48 5 444.1 5
R111 458.37 458.37 0.000 3.1 1 7 19 430.1 28.27 5 428.8 4
R112 415.46 415.46 0.000 1.8 1 0 0 393.0 22.46 4 393.0 4
C101 193.51 193.51 0.000 0.4 1 0 0 191.3 2.21 3 191.3 3
C102 300.46 299.02 0.000 7.0 3 0 9 262.8 37.65 5 190.3 3
C103 385.49 384.06 0.000 77.0 3 0 25 327.6 57.89 6 190.3 3
C104 432.25 432.25 0.000 22.4 1 0 3 345.9 86.35 7 186.9 3
C105 200.09 200.09 0.000 0.6 1 0 0 191.3 8.79 3 191.3 3
C106 193.52 193.52 0.000 0.4 1 0 0 191.3 2.22 3 191.3 3
C107 211.21 211.21 0.000 0.9 1 0 0 191.3 19.91 3 191.3 3
C108 226.63 226.11 0.000 4.5 3 0 0 191.3 35.33 3 191.3 3
C109 272.83 271.41 0.000 58.7 7 0 29 191.3 81.53 3 191.3 3
RC101 463.52 463.52 0.000 0.7 1 14 0 461.1 2.42 4 461.1 4
RC102 364.32 364.32 0.000 0.5 1 0 0 352.0 12.32 3 351.8 3
RC103 356.87 356.87 0.000 1.8 1 0 0 336.0 20.87 3 332.8 3
RC104 347.48 347.48 0.000 11.2 1 0 0 319.0 28.48 3 306.6 3
RC105 424.48 424.48 0.000 0.4 1 0 0 412.5 11.98 4 411.3 4
RC106 352.58 352.58 0.000 0.7 1 0 0 345.5 7.08 3 345.5 3
RC107 315.68 315.68 0.000 5.1 1 0 0 298.8 16.88 3 298.3 3
RC108 317.20 317.20 0.000 33.7 1 0 0 296.5 20.70 3 294.5 3
R201 483.87 483.87 0.000 1.1 1 0 6 470.2 13.67 4 463.3 4
R202 487.80 487.80 0.000 1.3 1 0 0 462.9 24.90 4 410.5 4
R203 479.30 476.14 0.000 52.0 7 0 20 461.0 18.30 4 391.4 3
R204 460.39 460.39 0.000 1540.8 1 0 69 418.5 41.89 3 355.0 2
R205 461.44 461.44 0.000 2.3 1 0 6 444.7 16.74 4 393.0 3
R206 474.20 474.20 0.000 3.0 1 0 0 431.7 42.50 3 374.4 3
R207 474.18 471.89 0.000 190.6 3 0 26 449.5 24.68 4 361.6 3
R208 455.40 455.40 0.000 1053.6 1 0 40 410.1 45.30 3 328.2 1
R209 454.81 454.79 0.000 16.9 3 0 20 427.4 27.41 4 370.7 2
R210 480.57 480.57 0.000 22.0 1 0 20 454.5 26.07 3 404.6 3
R211 444.54 444.54 0.000 9.2 1 0 0 427.4 17.14 4 350.9 2
C201 219.03 219.03 0.000 1.8 1 0 0 214.7 4.33 2 214.7 2
C202 335.49 335.49 0.000 87.8 1 0 60 312.6 22.89 4 214.7 2
C203 413.68 413.68 0.000 16.9 1 0 3 349.1 64.58 5 214.7 2
C204 474.57 474.57 0.000 5.3 1 0 0 371.2 103.37 6 213.1 1
C205 227.64 227.64 0.000 4.1 1 0 0 214.7 12.94 2 214.7 2
C206 231.49 231.49 0.000 8.2 1 0 0 223.8 7.69 2 214.7 2
C207 244.03 244.03 0.000 32.5 1 0 0 235.5 8.53 2 214.5 2
C208 249.45 249.45 0.000 86.9 1 0 30 214.7 34.75 2 214.5 2
RC201 378.76 378.76 0.000 0.6 1 0 0 363.1 15.66 3 360.2 3
RC202 367.29 367.29 0.000 3.8 1 0 0 352.7 14.59 3 338.0 3
RC203 357.86 357.86 0.000 19.7 1 0 0 343.7 14.16 3 326.9 3
RC204 342.73 342.73 0.000 33.1 1 0 0 326.5 16.23 3 299.7 3
RC205 371.64 371.64 0.000 1.0 1 0 0 359.9 11.74 3 338.0 3
RC206 376.45 376.45 0.000 1.0 1 0 0 363.1 13.35 3 324.0 3
RC207 367.81 367.81 0.000 15.0 1 0 0 354.3 13.51 3 298.3 3
RC208 363.96 363.96 0.000 102.4 1 0 0 347.3 16.66 3 269.1 2

Table 6: Detailed results for the VRPTW-CNC with ρ = 0.001 for the n = 25-customer instances.
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VRPTW-CNC with Unlimited Fleet

Bounds Cuts Costs and Fleet VRPTW

Instance Opt UB LBroot LBtree %Gap Time B&B 2-path SR
∑
cP

∑
fP Fleet c∗ K∗

R101 1044.19 1044.19 0.000 0.6 1 3 0 1044.0 0.19 12 1044.0 12
R102 963.32 963.32 0.000 5.3 1 5 10 928.6 34.72 11 909.0 11
R103 839.55 838.96 0.000 518.5 3 3 61 789.8 49.75 9 772.9 9
R104 740.48 740.48 3600.0 1 8 30 625.4 6
R105 903.19 897.80 0.000 16.6 15 6 3 899.3 3.89 9 899.3 9
R106 851.78 850.05 0.000 76.3 3 2 34 804.7 47.08 9 793.0 8
R107 792.01 792.01 0.000 188.9 1 0 20 717.4 74.61 7 711.1 7
R108 726.26 726.26 3600.0 1 4 10 617.7 6
R109 803.26 800.45 0.000 194.4 9 5 55 786.9 16.36 8 786.8 8
R110 737.99 737.99 0.000 331.3 1 9 30 698.0 39.99 7 697.0 7
R111 768.85 768.76 0.000 770.1 3 2 34 711.4 57.45 7 707.2 7
R112 693.34 693.34 3600.0 1 2 30 630.2 6
C101 367.50 367.50 0.000 4.6 1 0 0 362.4 5.10 5 362.4 5
C102 609.67 608.24 0.000 484.9 7 0 67 516.8 92.87 9 361.4 5
C103 789.15 787.71 0.000 2195.7 9 0 50 665.0 124.15 12 361.4 5
C104 1013.99 1015.29 3600.0 9 0 18 358.0 5
C105 382.73 382.73 0.000 7.5 1 0 0 362.4 20.33 5 362.4 5
C106 379.66 379.66 0.000 5.8 1 0 0 365.0 14.66 5 362.4 5
C107 402.56 402.56 0.000 17.9 1 0 0 362.4 40.16 5 362.4 5
C108 447.79 446.42 0.000 662.8 3 0 20 365.0 82.79 5 362.4 5
C109 515.41 515.41 3600.0 1 0 90 362.4 5
RC101 947.85 947.85 0.000 3.3 1 65 0 944.0 3.85 8 944.0 8
RC102 857.08 857.08 0.000 408.5 1 24 76 826.7 30.38 7 822.5 7
RC103 780.38 780.38 0.000 1657.5 1 8 40 716.3 64.07 6 710.9 6
RC104 635.71 635.71 0.000 2062.2 1 0 0 559.4 76.31 5 545.8 5
RC105 879.33 879.33 0.000 43.7 1 31 20 857.4 21.93 8 855.3 8
RC106 741.74 741.74 0.000 31.1 1 7 10 723.4 18.34 6 723.2 6
RC107 689.71 684.41 0.000 3550.6 31 5 10 645.8 43.91 6 642.7 6
RC108 658.95 658.95 0.000 3433.1 1 3 20 599.4 59.55 6 598.1 6
R201 825.19 825.19 0.000 5.0 1 0 0 793.7 31.48 6 791.9 6
R202 819.34 819.34 0.000 897.3 1 0 40 793.5 25.84 6 698.5 5
R203 798.41 798.41 3600.0 1 0 10 605.3 5
R204 3600.0 0 0 0 506.4 2
R205 804.06 804.06 0.000 594.5 1 0 60 762.1 41.96 5 690.1 4
R206 794.52 794.52 3600.0 1 0 60 632.4 4
R207 3600.0 0 0 0 575.5 3
R208 3600.0 0 0 0 487.7 2
R209 781.51 781.51 3600.0 1 0 57 600.6 4
R210 808.12 808.12 0.000 1009.2 1 0 0 752.3 55.82 4 645.6 4
R211 3600.0 0 0 0 535.5 3
C201 366.44 366.44 0.000 32.3 1 0 0 360.2 6.24 3 360.2 3
C202 602.71 602.71 0.000 1008.3 1 0 0 535.4 67.31 6 360.2 3
C203 812.59 812.59 3600.0 1 0 100 359.8 3
C204 1106.73 1107.48 3600.0 5 0 19 588.7 2
C205 378.06 378.06 0.000 380.5 1 0 30 373.4 4.66 3 359.8 3
C206 384.27 384.27 0.000 527.6 1 0 0 377.6 6.67 3 359.8 3
C207 404.27 404.27 0.000 1492.4 1 0 0 395.1 9.17 3 359.6 3
C208 412.88 412.88 0.000 1607.5 1 0 10 389.1 23.78 4 350.5 2
RC201 720.25 720.25 0.000 7.8 1 0 0 695.0 25.25 5 684.8 5
RC202 708.65 708.65 0.000 201.3 1 0 0 682.2 26.45 5 613.6 5
RC203 670.43 670.43 0.000 1200.8 1 0 0 634.9 35.53 5 555.3 4
RC204 3600.0 0 0 0 444.2 3
RC205 707.44 707.44 0.000 66.4 1 0 0 665.7 41.74 5 630.2 5
RC206 700.57 700.57 0.000 49.7 1 0 0 652.6 47.97 5 610.0 5
RC207 680.38 680.38 0.000 373.5 1 0 0 630.6 49.78 5 558.6 4
RC208 3600.0 0 0 0 476.7 3

Table 7: Detailed results for the VRPTW-CNC with ρ = 0.001 for the n = 50-customer instances.
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VRPTW-CNC with Unlimited Fleet

Bounds Cuts Costs and Fleet VRPTW

Instance Opt UB LBroot LBtree %Gap Time B&B 2-path SR
∑
cP

∑
fP Fleet c∗ K∗

R101 1638.32 1634.59 0.000 52.9 13 5 7 1637.7 0.62 20 1637.7 20
R102 1522.14 1522.14 0.000 205.3 1 0 0 1484.2 37.94 18 1466.6 18
R103 3600.0 0 0 0 1208.7 14
R104 3600.0 0 0 0 971.5 11
R105 1363.92 1363.35 0.000 1115.5 9 10 63 1355.3 8.62 15 1355.3 15
R106 1316.82 1316.82 3600.0 1 4 10 1234.6 13
R107 3600.0 0 0 0 1064.6 11
R108 3600.0 0 0 0 932.1 10
R109 1174.33 1174.33 3600.0 1 5 20 1146.9 13
R110 3600.0 0 0 0 1068.0 12
R111 3600.0 0 0 0 1048.7 12
R112 3600.0 0 0 0 948.6 10
C101 837.74 837.74 0.000 36.1 1 0 0 827.3 10.44 10 827.3 10
C102 1322.94 1322.94 3600.0 1 0 80 827.3 10
C103 1734.12 1734.12 3600.0 1 0 20 826.3 10
C104 2161.16 2161.16 3600.0 1 0 10 822.9 10
C105 868.90 868.90 0.000 111.4 1 0 0 827.3 41.60 10 827.3 10
C106 913.00 912.72 0.000 1436.8 3 0 30 833.1 79.90 10 827.3 10
C107 908.63 908.63 0.000 131.6 1 0 0 827.3 81.33 10 827.3 10
C108 988.10 988.10 3600.0 1 0 50 827.3 10
C109 1119.10 1119.10 3600.0 1 0 10 827.3 10
RC101 1629.64 1629.64 0.000 230.5 1 78 39 1619.8 9.84 15 1619.8 15
RC102 1525.14 1525.14 3600.0 1 35 20 1457.4 14
RC103 3600.0 0 0 0 1258.0 11
RC104 3600.0 0 0 0 1132.3 10
RC105 1561.72 1561.72 0.000 1411.4 1 28 40 1516.0 45.72 16 1513.7 15
RC106 1382.45 1382.45 3600.0 1 16 20 1372.7 12
RC107 3600.0 0 0 0 1207.8 12
RC108 3600.0 0 0 0 1114.2 11
R201 3600.0 0 0 0 1143.2 8
R202 3600.0 0 0 0 1029.6 8
R203 3600.0 0 0 0 870.8 6
R204 3600.0 0 0 0 731.3 5
R205 3600.0 0 0 0 949.8 5
R206 3600.0 0 0 0 875.9 5
R207 3600.0 0 0 0 794.0 4
R208 3600.0 0 0 0 701.0 4
R209 3600.0 0 0 0 854.8 5
R210 3600.0 0 0 0 900.5 6
R211 3600.0 0 0 0 746.7 4
C201 613.99 613.99 0.000 1068.5 1 0 0 589.1 24.89 3 589.1 3
C202 3600.0 0 0 0 589.1 3
C203 3600.0 0 0 0 588.7 3
C204 3600.0 0 0 0 588.1 3
C205 657.64 657.64 3600.0 1 0 10 586.4 3
C206 3600.0 0 0 0 586.4 3
C207 695.19 695.19 3600.0 1 0 10 585.8 3
C208 3600.0 0 0 0 585.8 3
RC201 3600.0 0 0 0 1261.8 9
RC202 3600.0 0 0 0 1092.3 8
RC203 3600.0 0 0 0 923.7 5
RC204 3600.0 0 0 0 783.5 4
RC205 3600.0 0 0 0 1154.0 7
RC206 3600.0 0 0 0 1051.1 7
RC207 3600.0 0 0 0 962.9 6
RC208 3600.0 0 0 0 776.1 4

Table 8: Detailed results for the VRPTW-CNC with ρ = 0.001 for the n = 100-customer instances.
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VRPTW-CNC with Unlimited Fleet

Bounds Cuts Costs and Fleet VRPTW

Instance Opt UB LBroot LBtree %Gap Time B&B 2-path SR
∑
cP

∑
fP Fleet c∗ K∗

R101 618.20 618.20 0.000 0.0 1 0 0 617.1 1.10 8 617.1 8
R102 606.99 606.99 0.000 0.1 1 0 0 591.8 15.19 8 547.1 7
R103 589.54 589.54 0.000 0.0 1 0 0 538.2 51.34 7 454.6 5
R104 585.12 585.12 0.000 0.2 1 0 0 498.3 86.82 6 416.9 4
R105 544.30 544.30 0.000 0.0 1 0 0 530.7 13.60 6 530.5 6
R106 570.17 570.17 0.000 0.1 1 2 8 557.3 12.87 7 465.4 5
R107 579.07 579.07 0.000 0.1 1 0 7 513.4 65.67 6 424.3 4
R108 578.59 578.59 0.000 0.3 1 0 0 498.3 80.28 6 397.3 4
R109 505.31 505.31 0.000 0.1 1 0 0 449.3 56.01 5 441.3 5
R110 514.41 514.41 0.000 0.1 1 0 0 466.4 48.01 5 444.1 5
R111 563.34 563.34 0.000 0.2 1 0 10 516.5 46.84 6 428.8 4
R112 542.42 542.42 0.000 0.8 1 0 10 436.3 106.12 5 393.0 4
C101 213.38 213.38 0.000 0.1 1 0 0 191.3 22.08 3 191.3 3
C102 438.53 438.32 0.000 0.2 3 0 10 431.7 6.83 9 190.3 3
C103 616.81 616.81 0.000 0.3 1 0 7 531.7 85.11 12 190.3 3
C104 758.46 758.46 0.000 0.1 1 0 5 626.8 131.66 15 186.9 3
C105 271.93 271.93 0.000 0.2 1 0 20 211.3 60.63 4 191.3 3
C106 213.51 213.51 0.000 0.1 1 0 0 191.3 22.21 3 191.3 3
C107 298.81 298.81 0.000 0.2 1 0 6 298.8 0.01 6 191.3 3
C108 315.63 315.63 0.000 0.2 1 0 9 306.9 8.73 6 191.3 3
C109 403.71 403.71 0.000 0.1 1 0 0 362.3 41.41 8 191.3 3
RC101 485.34 485.34 0.000 0.1 1 14 0 461.1 24.24 4 461.1 4
RC102 448.45 448.06 0.000 1.6 3 0 0 360.1 88.35 3 351.8 3
RC103 479.61 479.61 0.000 2.2 1 0 20 358.6 121.01 3 332.8 3
RC104 498.07 498.07 0.000 14.8 1 0 20 396.3 101.77 4 306.6 3
RC105 508.85 508.85 0.000 0.8 1 0 30 448.0 60.85 4 411.3 4
RC106 398.88 398.88 0.000 0.3 1 0 0 359.6 39.28 3 345.5 3
RC107 414.24 414.24 0.000 5.6 1 0 20 327.6 86.64 3 298.3 3
RC108 466.69 466.69 0.000 46.8 1 0 34 371.3 95.38 4 294.5 3
R201 503.97 503.97 0.000 0.1 1 0 0 501.5 2.47 4 463.3 4
R202 534.74 534.74 0.000 0.1 1 0 0 526.9 7.84 4 410.5 4
R203 555.61 555.61 0.000 0.8 1 0 14 509.3 46.31 5 391.4 3
R204 556.07 556.07 0.000 1.1 1 0 8 487.0 69.07 5 355.0 2
R205 504.61 504.61 0.000 0.1 1 0 0 501.5 3.11 4 393.0 3
R206 534.74 534.74 0.000 0.2 1 0 0 526.9 7.84 4 374.4 3
R207 555.80 555.80 0.000 1.1 1 0 12 509.3 46.50 5 361.6 3
R208 556.30 556.30 0.000 0.8 1 0 10 487.0 69.30 5 328.2 1
R209 506.42 506.42 0.000 0.2 1 0 0 502.5 3.92 4 370.7 2
R210 527.03 527.03 0.000 1.1 1 0 10 519.0 8.03 3 404.6 3
R211 508.69 508.69 0.000 3.5 1 0 8 484.6 24.09 4 350.9 2
C201 234.01 234.01 0.000 0.3 1 0 0 234.0 0.01 3 214.7 2
C202 435.31 435.31 0.000 0.6 1 0 0 389.3 46.01 6 214.7 2
C203 665.71 665.71 0.000 1.0 1 0 28 532.2 133.51 10 214.7 2
C204 809.58 806.78 0.000 1.3 5 0 10 680.2 129.38 14 213.1 1
C205 255.81 255.81 0.000 0.3 1 0 0 255.8 0.01 4 214.7 2
C206 244.02 244.02 0.000 0.4 1 0 0 240.2 3.82 3 214.7 2
C207 262.91 262.91 0.000 2.0 1 0 0 262.9 0.01 3 214.5 2
C208 297.04 297.04 0.000 0.5 1 0 0 285.7 11.34 5 214.5 2
RC201 395.10 395.10 0.000 0.1 1 0 0 395.1 0.00 3 360.2 3
RC202 431.12 431.12 0.000 1.0 1 0 0 379.7 51.42 3 338.0 3
RC203 446.72 446.72 0.000 2.1 1 0 0 368.3 78.42 3 326.9 3
RC204 447.33 447.33 0.000 4.3 1 0 0 351.1 96.22 3 299.7 3
RC205 385.91 385.91 0.000 0.1 1 0 0 385.4 0.51 3 338.0 3
RC206 395.10 395.10 0.000 0.2 1 0 0 395.1 0.00 3 324.0 3
RC207 386.81 386.81 0.000 0.5 1 0 0 378.6 8.20 3 298.3 3
RC208 384.08 384.08 0.000 3.8 1 0 0 374.2 9.88 3 269.1 2

Table 9: Detailed results for the VRPTW-CNC with ρ = 0.01 for the n = 25-customer instances.
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VRPTW-CNC with Unlimited Fleet

Bounds Cuts Costs and Fleet VRPTW

Instance Opt UB LBroot LBtree %Gap Time B&B 2-path SR
∑
cP

∑
fP Fleet c∗ K∗

R101 1045.93 1045.93 0.000 0.1 1 3 0 1044.0 1.93 12 1044.0 12
R102 1035.52 1035.52 0.000 0.3 1 0 0 989.3 46.22 11 909.0 11
R103 1025.38 1025.38 0.000 6.9 1 0 10 909.4 115.98 11 772.9 9
R104 1049.19 1049.19 0.000 35.3 1 0 4 831.4 217.79 11 625.4 6
R105 938.17 934.93 0.000 1.3 5 3 2 899.3 38.86 9 899.3 9
R106 977.57 977.57 0.000 4.5 1 0 20 927.5 50.07 10 793.0 8
R107 997.19 993.31 0.000 270.5 31 0 60 884.4 112.79 10 711.1 7
R108 1036.75 1036.75 0.000 43.9 1 0 0 831.4 205.35 11 617.7 6
R109 908.40 908.40 0.000 6.5 1 4 30 822.8 85.60 10 786.8 8
R110 903.41 903.41 0.000 31.7 1 0 30 821.0 82.41 10 697.0 7
R111 977.13 976.73 0.000 153.6 7 0 60 872.2 104.93 10 707.2 7
R112 938.03 938.03 0.000 623.2 1 0 40 819.5 118.53 10 630.2 6
C101 413.36 413.36 0.000 0.4 1 0 0 362.4 50.96 5 362.4 5
C102 893.92 893.72 0.000 0.7 3 0 10 831.3 62.62 16 361.4 5
C103 1282.17 1282.17 0.000 0.8 1 0 5 1090.5 191.67 23 361.4 5
C104 1845.51 1840.11 0.000 9.8 45 0 6 1536.3 309.21 34 358.0 5
C105 522.96 522.96 0.000 4.6 1 0 50 418.9 104.06 7 362.4 5
C106 479.91 479.91 0.000 3.3 1 0 50 457.7 22.21 7 362.4 5
C107 563.42 563.42 0.000 1.7 1 0 17 563.4 0.02 10 362.4 5
C108 609.41 609.41 0.000 1.2 1 0 10 582.8 26.61 10 362.4 5
C109 741.72 741.72 0.000 0.7 1 0 0 659.8 81.92 13 362.4 5
RC101 979.86 979.86 0.000 0.7 1 62 0 945.1 34.76 8 944.0 8
RC102 997.84 991.02 0.000 360.7 27 19 100 946.2 51.64 9 822.5 7
RC103 1022.20 1012.37 1021.57 0.062 3600.0 41 6 100 710.9 6
RC104 1017.11 1017.11 3600.0 1 0 40 545.8 5
RC105 1002.69 1002.69 0.000 32.6 1 27 80 955.8 46.89 9 855.3 8
RC106 874.23 866.50 0.000 131.1 19 7 30 742.5 131.73 6 723.2 6
RC107 925.22 934.22 3600.0 41 3 100 642.7 6
RC108 981.12 981.12 3600.0 1 1 60 598.1 6
R201 880.39 880.39 0.000 0.7 1 0 0 849.8 30.59 7 791.9 6
R202 884.25 884.25 0.000 14.4 1 0 10 863.1 21.15 7 698.5 5
R203 915.81 915.81 0.000 116.5 1 0 20 859.2 56.61 9 605.3 5
R204 981.52 981.52 0.000 889.4 1 0 49 785.4 196.12 10 506.4 2
R205 875.53 875.53 0.000 5.1 1 0 0 849.1 26.43 7 690.1 4
R206 888.55 888.55 0.000 128.7 1 0 20 863.1 25.45 7 632.4 4
R207 916.00 916.00 0.000 203.2 1 0 20 859.2 56.80 9 575.5 3
R208 981.86 981.86 0.000 1059.1 1 0 49 785.4 196.46 10 487.7 2
R209 876.82 876.82 0.000 70.6 1 0 10 863.8 13.02 8 600.6 4
R210 882.43 882.43 0.000 77.0 1 0 0 852.2 30.23 6 645.6 4
R211 871.59 871.59 0.000 387.9 1 0 0 831.4 40.19 8 535.5 3
C201 373.42 373.42 0.000 14.5 1 0 0 373.4 0.02 3 360.2 3
C202 806.98 806.98 0.000 107.8 1 0 70 717.3 89.68 11 360.2 3
C203 1297.10 1297.10 0.000 8.3 1 0 29 1027.9 269.20 19 359.8 3
C204 1956.17 1956.15 0.000 5.5 5 0 9 1608.5 347.67 32 588.7 2
C205 395.22 395.22 0.000 9.1 1 0 0 395.2 0.02 4 359.8 3
C206 389.53 389.53 0.000 22.2 1 0 0 385.7 3.83 4 359.8 3
C207 418.74 418.74 0.000 92.5 1 0 0 414.2 4.54 4 359.6 3
C208 480.06 480.06 0.000 85.0 1 0 0 457.1 22.96 6 350.5 2
RC201 753.13 753.13 0.000 0.7 1 0 0 742.2 10.93 5 684.8 5
RC202 793.10 793.10 0.000 13.3 1 0 0 723.2 69.90 5 613.6 5
RC203 852.34 850.66 0.000 3080.4 3 0 20 671.7 180.64 5 555.3 4
RC204 946.28 946.28 3600.0 1 0 20 444.2 3
RC205 767.42 767.42 0.000 1.3 1 0 0 746.4 21.02 5 630.2 5
RC206 755.41 755.41 0.000 2.1 1 0 0 740.7 14.71 5 610.0 5
RC207 758.26 758.26 0.000 37.4 1 0 0 723.7 34.56 5 558.6 4
RC208 752.17 752.17 0.000 764.1 1 0 0 703.6 48.57 5 476.7 3

Table 10: Detailed results for the VRPTW-CNC with ρ = 0.01 for the n = 50-customer instances.
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VRPTW-CNC with Unlimited Fleet

Bounds Cuts Costs and Fleet VRPTW

Instance Opt UB LBroot LBtree %Gap Time B&B 2-path SR
∑
cP

∑
fP Fleet c∗ K∗

R101 1045.93 1045.93 0.000 0.1 1 3 0 1044.0 1.93 12 1044.0 12
R102 1035.52 1035.52 0.000 0.3 1 0 0 989.3 46.22 11 909.0 11
R103 1025.38 1025.38 0.000 6.9 1 0 10 909.4 115.98 11 772.9 9
R104 1049.19 1049.19 0.000 35.3 1 0 4 831.4 217.79 11 625.4 6
R105 938.17 934.93 0.000 1.3 5 3 2 899.3 38.86 9 899.3 9
R106 977.57 977.57 0.000 4.5 1 0 20 927.5 50.07 10 793.0 8
R107 997.19 993.31 0.000 270.5 31 0 60 884.4 112.79 10 711.1 7
R108 1036.75 1036.75 0.000 43.9 1 0 0 831.4 205.35 11 617.7 6
R109 908.40 908.40 0.000 6.5 1 4 30 822.8 85.60 10 786.8 8
R110 903.41 903.41 0.000 31.7 1 0 30 821.0 82.41 10 697.0 7
R111 977.13 976.73 0.000 153.6 7 0 60 872.2 104.93 10 707.2 7
R112 938.03 938.03 0.000 623.2 1 0 40 819.5 118.53 10 630.2 6
C101 413.36 413.36 0.000 0.4 1 0 0 362.4 50.96 5 362.4 5
C102 893.92 893.72 0.000 0.7 3 0 10 831.3 62.62 16 361.4 5
C103 1282.17 1282.17 0.000 0.8 1 0 5 1090.5 191.67 23 361.4 5
C104 1845.51 1840.11 0.000 9.8 45 0 6 1536.3 309.21 34 358.0 5
C105 522.96 522.96 0.000 4.6 1 0 50 418.9 104.06 7 362.4 5
C106 479.91 479.91 0.000 3.3 1 0 50 457.7 22.21 7 362.4 5
C107 563.42 563.42 0.000 1.7 1 0 17 563.4 0.02 10 362.4 5
C108 609.41 609.41 0.000 1.2 1 0 10 582.8 26.61 10 362.4 5
C109 741.72 741.72 0.000 0.7 1 0 0 659.8 81.92 13 362.4 5
RC101 979.86 979.86 0.000 0.7 1 62 0 945.1 34.76 8 944.0 8
RC102 997.84 991.02 0.000 360.7 27 19 100 946.2 51.64 9 822.5 7
RC103 1022.20 1012.37 1021.57 0.062 3600.0 41 6 100 710.9 6
RC104 1017.11 1017.11 3600.0 1 0 40 545.8 5
RC105 1002.69 1002.69 0.000 32.6 1 27 80 955.8 46.89 9 855.3 8
RC106 874.23 866.50 0.000 131.1 19 7 30 742.5 131.73 6 723.2 6
RC107 925.22 934.22 3600.0 41 3 100 642.7 6
RC108 981.12 981.12 3600.0 1 1 60 598.1 6
R201 880.39 880.39 0.000 0.7 1 0 0 849.8 30.59 7 791.9 6
R202 884.25 884.25 0.000 14.4 1 0 10 863.1 21.15 7 698.5 5
R203 915.81 915.81 0.000 116.5 1 0 20 859.2 56.61 9 605.3 5
R204 981.52 981.52 0.000 889.4 1 0 49 785.4 196.12 10 506.4 2
R205 875.53 875.53 0.000 5.1 1 0 0 849.1 26.43 7 690.1 4
R206 888.55 888.55 0.000 128.7 1 0 20 863.1 25.45 7 632.4 4
R207 916.00 916.00 0.000 203.2 1 0 20 859.2 56.80 9 575.5 3
R208 981.86 981.86 0.000 1059.1 1 0 49 785.4 196.46 10 487.7 2
R209 876.82 876.82 0.000 70.6 1 0 10 863.8 13.02 8 600.6 4
R210 882.43 882.43 0.000 77.0 1 0 0 852.2 30.23 6 645.6 4
R211 871.59 871.59 0.000 387.9 1 0 0 831.4 40.19 8 535.5 3
C201 373.42 373.42 0.000 14.5 1 0 0 373.4 0.02 3 360.2 3
C202 806.98 806.98 0.000 107.8 1 0 70 717.3 89.68 11 360.2 3
C203 1297.10 1297.10 0.000 8.3 1 0 29 1027.9 269.20 19 359.8 3
C204 1956.17 1956.15 0.000 5.5 5 0 9 1608.5 347.67 32 588.7 2
C205 395.22 395.22 0.000 9.1 1 0 0 395.2 0.02 4 359.8 3
C206 389.53 389.53 0.000 22.2 1 0 0 385.7 3.83 4 359.8 3
C207 418.74 418.74 0.000 92.5 1 0 0 414.2 4.54 4 359.6 3
C208 480.06 480.06 0.000 85.0 1 0 0 457.1 22.96 6 350.5 2
RC201 753.13 753.13 0.000 0.7 1 0 0 742.2 10.93 5 684.8 5
RC202 793.10 793.10 0.000 13.3 1 0 0 723.2 69.90 5 613.6 5
RC203 852.34 850.66 0.000 3080.4 3 0 20 671.7 180.64 5 555.3 4
RC204 946.28 946.28 3600.0 1 0 20 444.2 3
RC205 767.42 767.42 0.000 1.3 1 0 0 746.4 21.02 5 630.2 5
RC206 755.41 755.41 0.000 2.1 1 0 0 740.7 14.71 5 610.0 5
RC207 758.26 758.26 0.000 37.4 1 0 0 723.7 34.56 5 558.6 4
RC208 752.17 752.17 0.000 764.1 1 0 0 703.6 48.57 5 476.7 3

Table 11: Detailed results for the VRPTW-CNC with ρ = 0.01 for the n = 100-customer instances.
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VRPTW-CNC with Unlimited Fleet

Bounds Cuts Costs and Fleet VRPTW

Instance Opt UB LBroot LBtree %Gap Time B&B 2-path SR
∑
cP

∑
fP Fleet c∗ K∗

R101 622.59 622.59 0.000 0.0 1 0 0 617.1 5.49 8 617.1 8
R102 654.72 654.72 0.000 0.0 1 0 0 619.3 35.42 9 547.1 7
R103 693.00 693.00 0.000 0.0 1 0 5 624.3 68.70 9 454.6 5
R104 733.07 733.07 0.000 0.1 1 0 7 623.2 109.87 9 416.9 4
R105 593.84 593.84 0.000 0.0 1 0 0 538.0 55.84 6 530.5 6
R106 621.43 621.43 0.000 0.0 1 0 0 565.5 55.93 7 465.4 5
R107 687.87 687.87 0.000 0.1 1 0 5 619.8 68.07 9 424.3 4
R108 731.26 731.26 0.000 0.1 1 0 7 623.2 108.06 9 397.3 4
R109 612.51 612.51 0.000 0.1 1 0 0 537.7 74.80 6 441.3 5
R110 593.58 593.58 0.000 0.1 1 0 0 550.9 42.68 7 444.1 5
R111 656.66 656.66 0.000 0.1 1 0 2 621.0 35.66 9 428.8 4
R112 647.82 647.82 0.000 0.6 1 0 8 577.1 70.72 8 393.0 4
C101 284.95 284.95 0.000 0.3 1 0 29 241.5 43.45 5 191.3 3
C102 439.20 439.20 0.000 0.0 1 0 0 439.2 0.00 9 190.3 3
C103 678.60 678.60 0.000 0.0 1 0 0 678.6 0.00 14 190.3 3
C104 838.50 838.50 0.000 0.0 1 0 0 838.5 0.00 18 186.9 3
C105 298.84 298.84 0.000 0.1 1 0 0 298.8 0.04 6 191.3 3
C106 283.81 283.81 0.000 0.5 1 0 40 211.3 72.51 4 191.3 3
C107 298.84 298.84 0.000 0.1 1 0 0 298.8 0.04 6 191.3 3
C108 335.53 335.53 0.000 0.1 1 0 0 328.2 7.33 7 191.3 3
C109 420.43 420.43 0.000 0.1 1 0 0 420.4 0.03 9 191.3 3
RC101 533.56 533.56 0.000 0.1 1 14 0 503.6 29.96 5 461.1 4
RC102 590.37 590.37 0.000 1.0 1 0 60 543.6 46.76 6 351.8 3
RC103 622.84 622.84 0.000 0.8 1 0 20 540.3 82.54 6 332.8 3
RC104 643.71 643.71 0.000 0.3 1 0 0 526.5 117.21 6 306.6 3
RC105 572.54 572.54 0.000 0.3 1 0 30 546.8 25.74 6 411.3 4
RC106 526.75 526.75 0.000 1.9 1 0 50 427.9 98.85 4 345.5 3
RC107 538.00 538.00 0.000 3.1 1 0 40 469.3 68.70 5 298.3 3
RC108 597.42 597.42 0.000 1.7 1 0 10 537.4 60.02 6 294.5 3
R201 513.34 513.34 0.000 0.1 1 0 0 502.5 10.84 4 463.3 4
R202 554.49 554.49 0.000 0.1 1 0 0 534.9 19.59 5 410.5 4
R203 627.70 627.43 0.000 0.3 3 0 3 574.6 53.10 8 391.4 3
R204 678.22 678.22 0.000 0.2 1 0 9 580.4 97.82 8 355.0 2
R205 515.56 515.56 0.000 0.1 1 0 0 509.7 5.86 4 393.0 3
R206 554.50 554.50 0.000 0.2 1 0 0 534.9 19.60 5 374.4 3
R207 627.71 627.71 0.000 0.2 1 0 3 574.6 53.11 8 361.6 3
R208 678.38 678.38 0.000 0.2 1 0 9 580.4 97.98 8 328.2 1
R209 521.56 521.56 0.000 0.1 1 0 0 503.5 18.06 4 370.7 2
R210 531.13 531.13 0.000 0.4 1 0 0 526.9 4.23 4 404.6 3
R211 543.32 543.32 0.000 1.4 1 0 0 510.9 32.42 5 350.9 2
C201 234.04 234.04 0.000 0.3 1 0 0 234.0 0.04 3 214.7 2
C202 456.79 456.79 0.000 0.5 1 0 0 441.1 15.69 7 214.7 2
C203 727.10 727.10 0.000 0.1 1 0 0 725.5 1.60 13 214.7 2
C204 877.90 877.90 0.000 0.0 1 0 0 876.3 1.60 17 213.1 1
C205 255.84 255.84 0.000 0.3 1 0 0 255.8 0.04 4 214.7 2
C206 249.82 249.82 0.000 0.8 1 0 0 244.9 4.92 3 214.7 2
C207 262.93 262.93 0.000 1.4 1 0 0 262.9 0.03 3 214.5 2
C208 325.43 325.43 0.000 0.4 1 0 0 325.4 0.03 6 214.5 2
RC201 395.10 395.10 0.000 0.1 1 0 0 395.1 0.00 3 360.2 3
RC202 479.31 479.31 0.000 0.3 1 0 0 455.2 24.11 4 338.0 3
RC203 558.08 558.08 0.000 0.7 1 0 0 489.5 68.57 5 326.9 3
RC204 618.85 618.85 0.000 2.9 1 0 10 531.8 87.05 6 299.7 3
RC205 387.95 387.95 0.000 0.2 1 0 0 385.4 2.55 3 338.0 3
RC206 395.10 395.10 0.000 0.1 1 0 0 395.1 0.00 3 324.0 3
RC207 408.96 408.96 0.000 0.3 1 0 0 385.0 23.96 3 298.3 3
RC208 409.16 409.16 0.000 6.5 1 0 0 380.1 29.06 3 269.1 2

Table 12: Detailed results for the VRPTW-CNC with ρ = 0.05 for the n = 25-customer instances.
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VRPTW-CNC with Unlimited Fleet

Bounds Cuts Costs and Fleet VRPTW

Instance Opt UB LBroot LBtree %Gap Time B&B 2-path SR
∑
cP

∑
fP Fleet c∗ K∗

R101 1053.65 1053.65 0.000 0.1 1 0 0 1044.0 9.65 12 1044.0 12
R102 1135.00 1135.00 0.000 0.5 1 0 12 1046.0 89.00 13 909.0 11
R103 1223.83 1223.83 0.000 0.5 1 0 0 1032.9 190.93 15 772.9 9
R104 1414.91 1414.91 0.000 0.6 1 0 0 1119.6 295.31 18 625.4 6
R105 1025.57 1025.57 0.000 0.6 1 0 16 983.1 42.47 11 899.3 9
R106 1106.45 1106.45 0.000 1.7 1 0 19 1025.7 80.75 12 793.0 8
R107 1191.62 1191.62 0.000 1.0 1 0 0 1011.4 180.22 15 711.1 7
R108 1403.01 1403.01 0.000 10.0 1 0 15 1119.6 283.41 18 617.7 6
R109 1050.15 1050.15 0.000 1.6 1 0 10 963.6 86.55 12 786.8 8
R110 1067.18 1067.18 0.000 4.0 1 0 16 961.0 106.18 13 697.0 7
R111 1129.80 1128.09 0.000 10.3 5 0 13 1061.6 68.20 13 707.2 7
R112 1158.95 1158.95 0.000 14.4 1 0 0 993.1 165.85 13 630.2 6
C101 546.73 546.73 0.000 1.6 1 0 39 449.1 97.63 8 362.4 5
C102 933.80 933.80 0.000 0.1 1 0 0 933.8 0.00 18 361.4 5
C103 1404.26 1404.26 0.000 0.1 1 0 0 1403.5 0.76 28 361.4 5
C104 2031.31 2031.31 0.000 0.1 1 0 0 1992.3 39.01 41 358.0 5
C105 563.48 563.48 0.000 0.2 1 0 0 563.4 0.08 10 362.4 5
C106 550.26 550.26 0.000 1.0 1 0 30 477.7 72.56 8 362.4 5
C107 563.48 563.48 0.000 0.2 1 0 0 563.4 0.08 10 362.4 5
C108 693.32 693.32 0.000 0.5 1 0 0 631.9 61.42 12 362.4 5
C109 781.88 781.88 0.000 0.6 1 0 0 781.8 0.08 15 362.4 5
RC101 1046.67 1046.67 0.000 0.6 1 52 0 977.8 68.87 9 944.0 8
RC102 1127.70 1127.70 0.000 3.1 1 8 30 986.1 141.60 10 822.5 7
RC103 1248.62 1248.62 0.000 27.2 1 0 20 983.8 264.82 10 710.9 6
RC104 1477.77 1473.51 0.000 1424.6 19 0 55 1097.5 380.27 12 545.8 5
RC105 1062.80 1062.80 0.000 1.4 1 20 4 1013.8 49.00 10 855.3 8
RC106 1066.62 1066.62 0.000 34.5 1 0 90 1002.8 63.82 10 723.2 6
RC107 1068.78 1068.78 0.000 17.7 1 0 30 997.2 71.58 10 642.7 6
RC108 1245.41 1245.41 0.000 100.8 1 0 10 980.9 264.52 10 598.1 6
R201 908.43 908.43 0.000 0.7 1 0 0 896.5 11.93 8 791.9 6
R202 949.19 949.19 0.000 3.4 1 0 0 898.1 51.09 9 698.5 5
R203 1079.26 1079.26 0.000 4.0 1 0 0 935.8 143.46 12 605.3 5
R204 1320.89 1320.89 0.000 3.4 1 0 0 1052.2 268.69 17 506.4 2
R205 911.52 911.52 0.000 2.4 1 0 0 896.1 15.42 8 690.1 4
R206 963.56 963.56 0.000 13.3 1 0 0 913.2 50.36 9 632.4 4
R207 1080.03 1080.03 0.000 5.3 1 0 0 935.8 144.23 12 575.5 3
R208 1321.42 1321.42 0.000 2.1 1 0 0 1052.2 269.22 17 487.7 2
R209 896.27 896.27 0.000 15.9 1 0 0 891.3 4.97 8 600.6 4
R210 932.25 932.25 0.000 53.3 1 0 0 901.4 30.85 7 645.6 4
R211 972.02 972.02 0.000 119.2 1 0 0 904.2 67.82 9 535.5 3
C201 373.50 373.50 0.000 617.6 1 0 0 373.4 0.10 3 360.2 3
C202 834.10 834.10 0.000 1.7 1 0 0 832.4 1.70 13 360.2 3
C203 1406.73 1406.73 0.000 0.2 1 0 0 1405.6 1.13 25 359.8 3
C204 2141.42 2141.42 0.000 0.2 1 0 0 2140.3 1.12 40 588.7 2
C205 395.30 395.30 0.000 17.8 1 0 0 395.2 0.10 4 359.8 3
C206 400.18 400.18 0.000 15.2 1 0 0 395.2 4.98 4 359.8 3
C207 433.14 433.14 0.000 541.7 1 0 30 418.4 14.74 4 359.6 3
C208 524.19 524.19 0.000 33.3 1 0 0 524.1 0.09 8 350.5 2
RC201 769.85 769.85 0.000 0.9 1 0 0 754.9 14.95 5 684.8 5
RC202 889.32 889.32 0.000 7.6 1 0 0 797.6 91.72 6 613.6 5
RC203 1106.40 1106.40 0.000 223.0 1 0 40 890.0 216.40 8 555.3 4
RC204 1391.89 1391.89 0.000 79.5 1 0 4 962.8 429.09 10 444.2 3
RC205 796.43 796.43 0.000 4.3 1 0 0 773.8 22.63 5 630.2 5
RC206 787.27 787.27 0.000 1.2 1 0 0 753.4 33.87 5 610.0 5
RC207 812.16 812.16 0.000 19.4 1 0 0 759.3 52.86 5 558.6 4
RC208 852.12 852.12 3600.0 1 0 20 476.7 3

Table 13: Detailed results for the VRPTW-CNC with ρ = 0.05 for the n = 50-customer instances.
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VRPTW-CNC with Unlimited Fleet

Bounds Cuts Costs and Fleet VRPTW

Instance Opt UB LBroot LBtree %Gap Time B&B 2-path SR
∑
cP

∑
fP Fleet c∗ K∗

R101 1666.29 1662.78 0.000 5.3 9 5 10 1641.0 25.29 21 1637.7 20
R102 1860.80 1860.80 0.000 27.0 1 0 6 1734.5 126.30 25 1466.6 18
R103 2074.25 2074.05 0.000 521.8 5 0 26 1761.0 313.25 27 1208.7 14
R104 2395.65 2395.29 0.000 916.2 5 0 25 1835.3 560.35 30 971.5 11
R105 1597.43 1596.68 0.000 194.0 15 0 54 1476.5 120.93 17 1355.3 15
R106 1800.03 1800.03 0.000 231.4 1 4 50 1600.3 199.73 22 1234.6 13
R107 2018.79 2018.34 0.000 1719.0 11 0 58 1661.6 357.19 25 1064.6 11
R108 2367.97 2367.97 0.000 587.4 1 0 30 1823.8 544.17 30 932.1 10
R109 1662.47 1662.47 0.000 362.3 1 0 40 1493.7 168.77 19 1146.9 13
R110 1750.23 1750.11 0.000 1933.2 5 0 60 1614.2 136.03 22 1068.0 12
R111 1756.12 1754.45 1755.99 0.007 3600.0 20 0 59 1048.7 12
R112 1877.49 1877.49 3600.0 1 0 32 948.6 10
C101 1208.17 1208.17 0.000 65.6 1 0 80 979.0 229.18 15 827.3 10
C102 2086.92 2086.92 0.000 1.1 1 0 0 2070.9 16.02 34 827.3 10
C103 3213.20 3213.20 0.000 0.9 1 0 0 3087.2 126.00 53 826.3 10
C104 4459.76 4459.76 0.000 0.7 1 0 0 4333.1 126.67 76 822.9 10
C105 1307.82 1307.82 0.000 2.8 1 0 0 1307.7 0.12 20 827.3 10
C106 1306.15 1306.15 0.000 17.0 1 0 18 1237.9 68.25 17 827.3 10
C107 1307.82 1307.82 0.000 4.6 1 0 0 1307.7 0.12 20 827.3 10
C108 1543.80 1543.80 0.000 6.8 1 0 0 1406.2 137.60 22 827.3 10
C109 1846.18 1846.18 0.000 12.2 1 0 0 1846.1 0.08 30 827.3 10
RC101 1886.69 1886.69 0.000 11.6 1 37 6 1761.5 125.19 19 1619.8 15
RC102 2073.01 2073.01 0.000 180.8 1 1 46 1844.7 228.31 21 1457.4 14
RC103 2325.49 2324.83 0.000 1526.1 5 0 49 1829.8 495.69 22 1258.0 11
RC104 2694.12 2694.12 3600.0 1 0 65 1132.3 10
RC105 1980.09 1980.09 0.000 65.8 1 21 10 1870.2 109.89 21 1513.7 15
RC106 1937.75 1935.23 0.000 536.7 5 0 46 1772.4 165.35 19 1372.7 12
RC107 2051.50 2050.69 0.000 2439.0 3 0 64 1851.9 199.61 21 1207.8 12
RC108 2313.83 2313.83 0.000 3213.1 1 0 24 1969.3 344.53 23 1114.2 11
R201 1404.47 1404.47 0.000 142.0 1 0 0 1376.3 28.17 13 1143.2 8
R202 1478.26 1478.26 3600.0 1 0 40 1029.6 8
R203 1762.03 1762.03 3600.0 1 0 52 870.8 6
R204 2183.10 2183.10 0.000 933.3 1 0 10 1705.5 477.60 28 731.3 5
R205 1401.57 1401.57 0.000 2226.7 1 0 0 1364.7 36.87 12 949.8 5
R206 3600.0 0 0 0 875.9 5
R207 1761.76 1761.76 3600.0 1 0 44 794.0 4
R208 2183.86 2183.86 0.000 839.7 1 0 4 1705.5 478.37 28 701.0 4
R209 3600.0 0 0 0 854.8 5
R210 3600.0 0 0 0 900.5 6
R211 3600.0 0 0 0 746.7 4
C201 3600.0 0 0 0 589.1 3
C202 1740.95 1740.95 0.000 65.9 1 0 0 1738.1 2.85 27 589.1 3
C203 3105.18 3105.18 0.000 2.1 1 0 0 3102.9 2.28 51 588.7 3
C204 4425.98 4425.98 0.000 1.5 1 0 0 4423.7 2.28 75 588.1 3
C205 752.24 752.24 0.000 227.8 1 0 0 752.0 0.24 9 586.4 3
C206 3600.0 0 0 0 586.4 3
C207 764.95 764.95 3600.0 1 0 10 585.8 3
C208 1007.82 1007.82 3600.0 1 0 10 585.8 3
RC201 1504.80 1504.80 0.000 175.5 1 0 0 1481.3 23.50 12 1261.8 9
RC202 1671.49 1671.49 0.000 674.1 1 0 4 1495.0 176.49 13 1092.3 8
RC203 2045.98 2045.98 3600.0 1 0 20 923.7 5
RC204 2494.56 2494.56 3600.0 1 0 14 783.5 4
RC205 1560.56 1560.56 0.000 1606.2 1 0 0 1519.6 40.96 13 1154 7
RC206 3600.0 0 0 0 1051.1 7
RC207 3600.0 0 0 0 962.9 6
RC208 3600.0 0 0 0 776.1 4

Table 14: Detailed results for the VRPTW-CNC with ρ = 0.05 for the n = 100-customer instances.
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VRPTW-CNC with Unlimited Fleet

Bounds Cuts Costs and Fleet VRPTW

Instance Opt UB LBroot LBtree %Gap Time B&B 2-path SR
∑
cP

∑
fP Fleet c∗ K∗

R101 628.09 628.09 0.000 0.0 1 0 0 617.1 10.99 8 617.1 8
R102 688.14 688.14 0.000 0.0 1 0 0 632.4 55.74 9 547.1 7
R103 760.36 760.36 0.000 0.0 1 0 1 639.1 121.26 10 454.6 5
R104 805.51 805.51 0.000 0.1 1 0 1 671.1 134.41 11 416.9 4
R105 629.85 629.85 0.000 0.0 1 0 2 590.0 39.85 8 530.5 6
R106 661.65 661.65 0.000 0.0 1 0 0 581.8 79.85 8 465.4 5
R107 754.59 754.59 0.000 0.1 1 0 1 634.6 119.99 10 424.3 4
R108 801.91 801.91 0.000 0.1 1 0 1 671.1 130.81 11 397.3 4
R109 657.06 657.06 0.000 0.0 1 0 0 604.3 52.76 8 441.3 5
R110 627.48 627.48 0.000 0.0 1 0 0 574.3 53.18 8 444.1 5
R111 684.64 684.64 0.000 0.0 1 0 0 636.3 48.34 9 428.8 4
R112 705.45 705.45 0.000 0.2 1 0 0 621.5 83.95 9 393.0 4
C101 298.87 298.87 0.000 0.1 1 0 6 298.8 0.07 6 191.3 3
C102 439.21 439.21 0.000 0.0 1 0 0 439.2 0.01 9 190.3 3
C103 678.61 678.61 0.000 0.0 1 0 0 678.6 0.01 14 190.3 3
C104 838.50 838.50 0.000 0.0 1 0 0 838.5 0.00 18 186.9 3
C105 298.87 298.87 0.000 0.1 1 0 0 298.8 0.07 6 191.3 3
C106 298.87 298.87 0.000 0.1 1 0 3 298.8 0.07 6 191.3 3
C107 298.87 298.87 0.000 0.1 1 0 0 298.8 0.07 6 191.3 3
C108 342.87 342.87 0.000 0.1 1 0 0 328.2 14.67 7 191.3 3
C109 420.46 420.46 0.000 0.1 1 0 0 420.4 0.06 9 191.3 3
RC101 563.52 563.52 0.000 0.2 1 14 20 503.6 59.92 5 461.1 4
RC102 631.78 631.78 0.000 0.3 1 0 30 553.1 78.68 6 351.8 3
RC103 703.64 703.64 0.000 0.2 1 0 7 549.6 154.04 6 332.8 3
RC104 760.93 760.93 0.000 0.3 1 0 7 526.5 234.43 6 306.6 3
RC105 593.28 593.28 0.000 0.1 1 0 10 552.7 40.58 6 411.3 4
RC106 570.80 570.80 0.000 0.8 1 0 40 557.5 13.30 6 345.5 3
RC107 559.27 559.27 0.000 1.7 1 0 36 540.8 18.47 6 298.3 3
RC108 657.44 657.44 0.000 0.3 1 0 0 537.4 120.04 6 294.5 3
R201 521.42 521.42 0.000 0.0 1 0 0 509.7 11.72 4 463.3 4
R202 564.88 564.88 0.000 0.1 1 0 0 544.3 20.58 6 410.5 4
R203 669.33 669.33 0.000 0.1 1 0 1 586.6 82.73 8 391.4 3
R204 746.37 746.37 0.000 0.1 1 0 3 627.4 118.97 10 355.0 2
R205 521.42 521.42 0.000 0.1 1 0 0 509.7 11.72 4 393.0 3
R206 565.14 565.14 0.000 0.1 1 0 0 544.3 20.84 6 374.4 3
R207 669.34 669.34 0.000 0.1 1 0 1 586.6 82.74 8 361.6 3
R208 746.37 746.37 0.000 0.1 1 0 3 627.4 118.97 10 328.2 1
R209 526.47 526.47 0.000 0.2 1 0 0 517.2 9.27 4 370.7 2
R210 535.36 535.36 0.000 0.9 1 0 0 526.9 8.46 4 404.6 3
R211 559.20 559.20 0.000 1.6 1 0 0 541.9 17.30 5 350.9 2
C201 234.09 234.09 0.000 0.3 1 0 0 234.0 0.09 3 214.7 2
C202 462.50 462.50 0.000 0.3 1 0 0 462.5 0.00 8 214.7 2
C203 728.70 728.70 0.000 0.1 1 0 0 725.5 3.20 13 214.7 2
C204 879.50 879.50 0.000 0.0 1 0 0 876.3 3.20 17 213.1 1
C205 255.89 255.89 0.000 0.3 1 0 0 255.8 0.09 4 214.7 2
C206 254.75 254.75 0.000 0.4 1 0 0 244.9 9.85 3 214.7 2
C207 262.97 262.97 0.000 6.0 1 0 0 262.9 0.07 3 214.5 2
C208 325.47 325.47 0.000 0.4 1 0 0 325.4 0.07 6 214.5 2
RC201 395.10 395.10 0.000 0.1 1 0 0 395.1 0.00 3 360.2 3
RC202 503.41 503.41 0.000 0.2 1 0 0 455.2 48.21 4 338.0 3
RC203 626.65 626.65 0.000 0.4 1 0 10 489.5 137.15 5 326.9 3
RC204 705.90 705.90 0.000 0.4 1 0 0 531.8 174.10 6 299.7 3
RC205 390.50 390.50 0.000 0.2 1 0 0 385.4 5.10 3 338.0 3
RC206 395.10 395.10 0.000 0.1 1 0 0 395.1 0.00 3 324.0 3
RC207 432.93 432.93 0.000 0.5 1 0 0 385.0 47.92 3 298.3 3
RC208 438.23 438.23 0.000 8.9 1 0 10 380.1 58.12 3 269.1 2

Table 15: Detailed results for the VRPTW-CNC with ρ = 0.1 for the n = 25-customer instances.
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VRPTW-CNC with Unlimited Fleet

Bounds Cuts Costs and Fleet VRPTW

Instance Opt UB LBroot LBtree %Gap Time B&B 2-path SR
∑
cP

∑
fP Fleet c∗ K∗

R101 1062.50 1062.50 0.000 0.0 1 0 0 1046.1 16.40 12 1044.0 12
R102 1199.13 1199.13 0.000 0.3 1 0 2 1120.1 79.03 15 909.0 11
R103 1359.46 1359.46 0.000 0.4 1 0 0 1156.2 203.26 18 772.9 9
R104 1617.88 1617.88 0.000 1.0 1 0 4 1351.2 266.68 23 625.4 6
R105 1064.07 1064.07 0.000 0.1 1 0 0 990.2 73.87 11 899.3 9
R106 1169.66 1169.66 0.000 0.2 1 0 0 1068.4 101.26 14 793.0 8
R107 1318.12 1318.12 0.000 0.4 1 0 0 1112.4 205.72 17 711.1 7
R108 1609.55 1609.55 0.000 0.8 1 0 2 1290.1 319.45 22 617.7 6
R109 1108.71 1108.71 0.000 0.4 1 0 0 1025.5 83.21 13 786.8 8
R110 1145.83 1145.83 0.000 1.6 1 0 5 1049.1 96.73 14 697.0 7
R111 1182.13 1182.13 0.000 2.4 1 0 7 1101.9 80.23 15 707.2 7
R112 1281.90 1281.90 0.000 11.3 1 0 8 1095.4 186.50 15 630.2 6
C101 563.56 563.56 0.000 0.1 1 0 0 563.4 0.16 10 362.4 5
C102 933.81 933.81 0.000 0.1 1 0 0 933.8 0.01 18 361.4 5
C103 1405.02 1405.02 0.000 0.1 1 0 0 1403.5 1.52 28 361.4 5
C104 2070.31 2070.31 0.000 0.1 1 0 0 1992.3 78.01 41 358.0 5
C105 563.56 563.56 0.000 0.2 1 0 0 563.4 0.16 10 362.4 5
C106 565.36 565.36 0.000 0.3 1 0 3 565.2 0.16 10 362.4 5
C107 563.56 563.56 0.000 0.3 1 0 0 563.4 0.16 10 362.4 5
C108 702.66 702.66 0.000 0.3 1 0 0 687.9 14.76 13 362.4 5
C109 781.95 781.95 0.000 0.7 1 0 0 781.8 0.15 15 362.4 5
RC101 1091.43 1091.43 0.000 0.3 1 12 0 1004.9 86.53 10 944.0 8
RC102 1253.22 1251.03 0.000 7.1 5 0 34 1065.3 187.92 11 822.5 7
RC103 1450.19 1443.39 0.000 175.2 43 0 36 1149.6 300.60 12 710.9 6
RC104 1756.17 1748.87 0.000 192.8 13 0 32 1323.4 432.77 15 545.8 5
RC105 1111.80 1111.80 0.000 0.5 1 19 0 1013.8 98.00 10 855.3 8
RC106 1128.44 1128.44 0.000 0.6 1 0 0 1010.4 118.04 10 723.2 6
RC107 1137.03 1137.03 0.000 1.7 1 0 0 1005.1 131.93 10 642.7 6
RC108 1428.93 1419.00 0.000 889.1 65 0 46 1144.5 284.43 12 598.1 6
R201 920.37 920.37 0.000 0.7 1 0 0 896.5 23.87 8 791.9 6
R202 989.57 989.57 0.000 1.5 1 0 0 923.9 65.67 10 698.5 5
R203 1188.99 1188.99 0.000 1.7 1 0 10 1030.6 158.39 15 605.3 5
R204 1507.39 1507.39 0.000 2.4 1 0 9 1233.0 274.39 21 506.4 2
R205 926.95 926.95 0.000 2.6 1 0 0 896.1 30.85 8 690.1 4
R206 998.07 998.07 0.000 7.5 1 0 0 945.2 52.87 10 632.4 4
R207 1189.13 1189.13 0.000 7.2 1 0 10 1030.6 158.53 15 575.5 3
R208 1507.59 1507.59 0.000 2.4 1 0 9 1233.0 274.59 21 487.7 2
R209 901.23 901.23 0.000 17.2 1 0 0 891.3 9.93 8 600.6 4
R210 958.19 958.19 0.000 45.2 1 0 0 913.6 44.59 8 645.6 4
R211 994.66 994.66 0.000 64.9 1 0 0 973.3 21.36 11 535.5 3
C201 3600.0 0 0 0 360.2 3
C202 835.79 835.79 0.000 2.2 1 0 0 832.4 3.39 13 360.2 3
C203 1407.85 1407.85 0.000 0.2 1 0 0 1405.6 2.25 25 359.8 3
C204 2142.54 2142.54 0.000 0.1 1 0 0 2140.3 2.24 40 588.7 2
C205 395.41 395.41 0.000 14.2 1 0 0 395.2 0.21 4 359.8 3
C206 405.17 405.17 0.000 680.6 1 0 0 395.2 9.97 4 359.8 3
C207 435.56 435.56 0.000 98.8 1 0 0 431.4 4.16 4 359.6 3
C208 524.28 524.28 0.000 45.6 1 0 0 524.1 0.18 8 350.5 2
RC201 784.79 784.79 0.000 0.9 1 0 0 754.9 29.89 5 684.8 5
RC202 959.05 959.05 0.000 3.9 1 0 0 850.5 108.55 7 613.6 5
RC203 1290.36 1285.20 0.000 401.8 13 0 53 1013.9 276.46 10 555.3 4
RC204 1681.55 1681.55 0.000 82.1 1 0 24 1265.8 415.75 14 444.2 3
RC205 815.37 815.37 0.000 4.0 1 0 0 779.6 35.77 5 630.2 5
RC206 821.14 821.14 0.000 2.4 1 0 0 753.4 67.74 5 610.0 5
RC207 865.02 865.02 0.000 18.2 1 0 0 759.3 105.72 5 558.6 4
RC208 904.60 904.60 0.000 2684.8 1 0 28 838.1 66.50 6 476.7 3

Table 16: Detailed results for the VRPTW-CNC with ρ = 0.1 for the n = 50-customer instances.
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VRPTW-CNC with Unlimited Fleet

Bounds Cuts Costs and Fleet VRPTW

Instance Opt UB LBroot LBtree %Gap Time B&B 2-path SR
∑
cP

∑
fP Fleet c∗ K∗

R101 1691.57 1689.95 0.000 10.8 19 1 12 1641.0 50.57 21 1637.7 20
R102 1954.64 1954.63 0.000 13.3 3 0 2 1797.2 157.44 27 1466.6 18
R103 2288.70 2288.70 0.000 48.1 1 0 5 1963.3 325.40 33 1208.7 14
R104 2770.25 2770.25 0.000 72.2 1 0 13 2203.6 566.65 39 971.5 11
R105 1681.90 1681.90 0.000 6.1 1 0 0 1558.8 123.10 19 1355.3 15
R106 1935.67 1933.61 0.000 132.2 7 0 21 1725.9 209.77 25 1234.6 13
R107 2269.23 2269.23 0.000 113.8 1 0 19 1910.4 358.83 32 1064.6 11
R108 2759.32 2759.32 0.000 76.8 1 0 18 2196.3 563.02 39 932.1 10
R109 1803.87 1802.71 0.000 649.6 19 0 52 1591.4 212.47 21 1146.9 13
R110 1864.10 1864.10 0.000 268.9 1 0 16 1687.5 176.60 24 1068.0 12
R111 1875.01 1872.89 0.000 805.9 9 0 26 1735.1 139.91 25 1048.7 12
R112 2061.21 2062.47 3600.0 12 0 10 948.6 10
C101 1306.66 1306.66 0.000 12.1 1 0 30 1243.7 62.96 19 827.3 10
C102 2102.93 2102.93 0.000 2.4 1 0 0 2070.9 32.03 34 827.3 10
C103 3314.29 3314.29 0.000 1.3 1 0 0 3165.8 148.49 54 826.3 10
C104 4575.63 4575.63 0.000 0.7 1 0 0 4419.1 156.53 77 822.9 10
C105 1307.94 1307.94 0.000 4.1 1 0 0 1307.7 0.24 20 827.3 10
C106 1336.27 1336.27 0.000 9.1 1 0 0 1295.6 40.67 19 827.3 10
C107 1307.94 1307.94 0.000 5.3 1 0 0 1307.7 0.24 20 827.3 10
C108 1624.08 1624.08 0.000 8.0 1 0 7 1509.3 114.78 24 827.3 10
C109 1846.26 1846.26 0.000 21.7 1 0 0 1846.1 0.16 30 827.3 10
RC101 1990.66 1990.66 0.000 8.4 1 2 19 1849.4 141.26 21 1619.8 15
RC102 2280.18 2276.29 0.000 141.8 11 0 24 1889.7 390.48 23 1457.4 14
RC103 2665.44 2657.01 2662.37 0.115 3600.0 47 0 78 1258.0 11
RC104 3170.56 3162.33 3165.80 0.150 3600.0 44 0 38 1132.3 10
RC105 2085.14 2085.14 0.000 49.8 1 3 14 1905.1 180.04 21 1513.7 15
RC106 2050.06 2050.06 0.000 49.4 1 0 5 1885.9 164.16 21 1372.7 12
RC107 2189.58 2185.43 2188.49 0.050 3600.0 36 0 30 1207.8 12
RC108 2568.67 2571.78 3600.0 13 0 34 1114.2 11
R201 1427.78 1427.78 0.000 117.0 1 0 0 1384.9 42.88 13 1143.2 8
R202 1556.19 1556.19 0.000 705.9 1 0 10 1431.9 124.29 15 1029.6 8
R203 1961.00 1961.00 0.000 191.3 1 0 10 1623.1 337.90 25 870.8 6
R204 2563.71 2563.70 0.000 261.8 3 0 16 2030.8 532.91 35 731.3 5
R205 1436.46 1436.46 0.000 2187.0 1 0 0 1373.7 62.76 12 949.8 5
R206 1563.84 1563.84 0.000 1914.9 1 0 8 1451.6 112.24 16 875.9 5
R207 1962.00 1962.00 0.000 352.4 1 0 10 1623.1 338.90 25 794.0 4
R208 2564.51 2564.51 0.000 257.1 1 0 16 2030.8 533.71 35 701.0 4
R209 3600.0 0 0 0 854.8 5
R210 3600.0 0 0 0 900.5 6
R211 3600.0 0 0 0 746.7 4
C201 3600.0 0 0 0 589.1 3
C202 1743.81 1743.81 0.000 26.9 1 0 0 1738.1 5.71 27 589.1 3
C203 3107.46 3107.46 0.000 1.6 1 0 0 3102.9 4.56 51 588.7 3
C204 4428.26 4428.26 0.000 1.7 1 0 0 4423.7 4.56 75 588.1 3
C205 752.48 752.48 0.000 1096.0 1 0 0 752.0 0.48 9 586.4 3
C206 3600.0 0 0 0 586.4 3
C207 772.76 772.76 0.000 1829.8 1 0 0 763.4 9.36 6 585.8 3
C208 1008.04 1008.04 0.000 554.6 1 0 0 1007.6 0.44 15 585.8 3
RC201 1522.49 1522.49 0.000 132.8 1 0 10 1488.3 34.19 12 1261.8 9
RC202 1797.82 1797.82 0.000 1634.4 1 0 52 1583.1 214.72 15 1092.3 8
RC203 2334.46 2335.39 3600.0 4 0 50 923.7 5
RC204 2953.52 2953.52 0.000 1492.9 1 0 40 2252.4 701.12 31 783.5 4
RC205 1594.78 1594.78 0.000 2245.8 1 0 30 1548.0 46.78 13 1154.0 7
RC206 1595.76 1595.76 0.000 2098.4 1 0 20 1515.5 80.26 13 1051.1 7
RC207 3600.0 0 0 0 962.9 6
RC208 3600.0 0 0 0 776.1 4

Table 17: Detailed results for the VRPTW-CNC with ρ = 0.1 for the n = 100-customer instances.

43



VRPTW-CNC with Limited Fleet

Bounds Cuts Costs VRPTW

Instance Opt UB LBroot LBtree %Gap Time B&B 2-path SR
∑
cP

∑
fP c∗ K∗

R101 617.21 617.21 0.000 0.0 1 0 0 617.1 0.11 617.1 8
R102 570.20 570.20 0.000 0.0 1 5 0 550.9 19.30 547.1 7
R103 493.21 493.21 0.000 0.1 1 0 0 454.6 38.61 454.6 5
R104 455.12 455.12 0.000 0.2 1 0 0 416.9 38.22 416.9 4
R105 532.06 532.06 0.000 0.0 1 0 0 530.7 1.36 530.5 6
R106 489.29 489.29 0.000 0.1 1 6 0 473.3 15.99 465.4 5
R107 467.27 467.27 0.000 0.3 1 0 0 429.8 37.47 424.3 4
R108 434.51 434.51 0.000 0.4 1 0 0 399.2 35.31 397.3 4
R109 448.38 448.38 0.000 0.1 1 0 0 441.3 7.08 441.3 5
R110 454.59 454.59 0.000 0.2 1 0 10 444.1 10.48 444.1 5
R111 460.98 460.98 0.000 0.2 1 0 0 428.8 32.18 428.8 4
R112 415.46 415.46 0.000 0.3 1 0 0 393.0 22.46 393.0 4
C101 193.51 193.51 0.000 0.1 1 0 0 191.3 2.21 191.3 3
C102 414.13 414.13 0.000 50.2 1 0 20 235.6 178.53 190.3 3
C103 781.75 781.75 0.000 603.4 1 0 30 259.3 522.45 190.3 3
C104 1036.67 1036.67 3600.0 1 0 20 186.9 3
C105 200.09 200.09 0.000 0.1 1 0 0 191.3 8.79 191.3 3
C106 193.52 193.52 0.000 0.1 1 0 0 191.3 2.22 191.3 3
C107 211.21 211.21 0.000 0.2 1 0 0 191.3 19.91 191.3 3
C108 226.63 226.63 0.000 0.9 1 0 0 191.3 35.33 191.3 3
C109 272.83 272.83 0.000 7.5 1 0 0 191.3 81.53 191.3 3
RC101 463.52 463.52 0.000 0.1 1 14 0 461.1 2.42 461.1 4
RC102 364.32 364.32 0.000 0.6 1 0 0 352.0 12.32 351.8 3
RC103 356.87 356.87 0.000 5.1 1 0 0 336.0 20.87 332.8 3
RC104 347.48 347.48 0.000 8.4 1 0 0 319.0 28.48 306.6 3
RC105 424.48 424.48 0.000 0.1 1 0 0 412.5 11.98 411.3 4
RC106 352.58 352.58 0.000 0.8 1 0 0 345.5 7.08 345.5 3
RC107 315.68 315.68 0.000 3.0 1 0 0 298.8 16.88 298.3 3
RC108 317.20 317.20 0.000 5.1 1 0 0 296.5 20.70 294.5 3
R201 483.87 483.87 0.000 0.2 1 0 6 470.2 13.67 463.3 4
R202 487.80 487.80 0.000 0.4 1 0 0 462.9 24.90 410.5 4
R203 479.35 479.35 0.000 3.5 1 0 0 454.7 24.65 391.4 3
R204 488.01 488.01 0.000 3523.3 1 0 10 410.4 77.61 355.0 2
R205 465.55 465.55 0.000 0.3 1 0 0 420.7 44.85 393.0 3
R206 474.20 474.20 0.000 1.3 1 0 0 431.7 42.50 374.4 3
R207 474.56 474.56 0.000 55.9 1 0 20 443.2 31.36 361.6 3
R208 3600.0 0 0 0 328.2 1
R209 480.09 480.09 0.000 24.8 1 0 10 407.2 72.89 370.7 2
R210 480.57 480.57 0.000 2.1 1 0 20 454.5 26.07 404.6 3
R211 475.16 475.16 0.000 574.3 1 0 10 407.2 67.96 350.9 2
C201 219.03 219.03 0.000 0.8 1 0 0 214.7 4.33 214.7 2
C202 365.73 365.73 0.000 118.4 1 0 0 251.4 114.33 214.7 2
C203 788.77 788.77 0.000 2115.4 1 0 0 287.0 501.77 214.7 2
C204 3600.0 0 0 0 213.1 1
C205 227.64 227.64 0.000 22.0 1 0 0 214.7 12.94 214.7 2
C206 231.49 231.49 0.000 4.3 1 0 0 223.8 7.69 214.7 2
C207 244.03 244.03 0.000 17.6 1 0 0 235.5 8.53 214.5 2
C208 249.45 249.45 0.000 10.5 1 0 10 214.7 34.75 214.5 2
RC201 378.76 378.76 0.000 0.2 1 0 0 363.1 15.66 360.2 3
RC202 367.29 367.29 0.000 1.3 1 0 0 352.7 14.59 338.0 3
RC203 357.86 357.86 0.000 1.9 1 0 0 343.7 14.16 326.9 3
RC204 342.73 342.73 0.000 39.0 1 0 0 326.5 16.23 299.7 3
RC205 371.64 371.64 0.000 0.8 1 0 0 359.9 11.74 338.0 3
RC206 376.45 376.45 0.000 1.2 1 0 0 363.1 13.35 324.0 3
RC207 367.81 367.81 0.000 5.6 1 0 0 354.3 13.51 298.3 3
RC208 407.60 407.60 0.000 1987.2 1 0 0 349.8 57.80 269.1 2

Table 18: Detailed results for the VRPTW-CNC with ρ = 0.001 for the n = 25-customer instances.
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VRPTW-CNC with Limited Fleet

Bounds Cuts Costs VRPTW

Instance Opt UB LBroot LBtree %Gap Time B&B 2-path SR
∑
cP

∑
fP c∗ K∗

R101 1044.19 1044.19 0.000 0.1 1 3 0 1044.0 0.19 1044.0 12
R102 963.32 963.32 0.000 0.8 1 7 10 928.6 34.72 909.0 11
R103 839.55 839.55 0.000 22.4 1 0 0 789.8 49.75 772.9 9
R104 748.52 748.52 3600.0 1 10 30 625.4 6
R105 903.19 903.19 0.000 1.5 1 5 30 899.3 3.89 899.3 9
R106 854.06 854.06 0.000 9.6 1 8 30 794.4 59.66 793.0 8
R107 792.01 792.01 0.000 19.2 1 0 0 717.4 74.61 711.1 7
R108 728.59 728.59 3600.0 1 10 40 617.7 6
R109 803.26 799.99 0.000 58.8 21 5 61 786.9 16.36 786.8 8
R110 737.99 737.99 0.000 34.1 1 4 0 698.0 39.99 697.0 7
R111 768.85 768.85 0.000 146.6 1 10 18 711.4 57.45 707.2 7
R112 697.87 697.87 3600.0 1 3 70 630.2 6
C101 367.50 367.50 0.000 0.5 1 0 0 362.4 5.10 362.4 5
C102 1194.16 1194.16 3600.0 1 0 10 361.4 5
C103 3600.0 0 0 0 361.4 5
C104 3600.0 0 0 0 358.0 5
C105 382.73 382.73 0.000 1.4 1 0 0 362.4 20.33 362.4 5
C106 379.66 379.66 0.000 0.6 1 0 0 365.0 14.66 362.4 5
C107 402.56 402.56 0.000 8.6 1 0 0 362.4 40.16 362.4 5
C108 447.79 447.79 0.000 141.7 1 0 0 365.0 82.79 362.4 5
C109 530.77 530.77 0.000 1428.8 1 0 0 362.4 168.37 362.4 5
RC101 947.85 947.85 0.000 0.8 1 65 0 944.0 3.85 944.0 8
RC102 857.08 857.08 0.000 50.8 1 25 70 826.7 30.38 822.5 7
RC103 780.38 780.38 0.000 394.8 1 8 30 716.3 64.07 710.9 6
RC104 635.71 635.71 0.000 962.7 1 0 0 559.4 76.31 545.8 5
RC105 879.33 879.33 0.000 4.0 1 31 10 857.4 21.93 855.3 8
RC106 741.74 741.74 0.000 8.3 1 7 20 723.4 18.34 723.2 6
RC107 689.71 684.41 0.000 1354.4 31 5 10 645.8 43.91 642.7 6
RC108 658.95 658.95 0.000 897.5 1 3 20 599.4 59.55 598.1 6
R201 825.19 825.19 0.000 1.5 1 0 0 793.7 31.48 791.9 6
R202 822.11 821.31 0.000 714.2 5 0 76 778.4 43.71 698.5 5
R203 3600.0 0 0 0 605.3 5
R204 3600.0 0 0 0 506.4 2
R205 820.72 820.38 0.000 1379.6 3 0 100 751.7 69.02 690.1 4
R206 795.14 795.14 0.000 1832.6 1 0 70 739.1 56.04 632.4 4
R207 3600.0 0 0 0 575.5 3
R208 3600.0 0 0 0 487.7 2
R209 788.98 788.98 3600.0 1 0 40 600.6 4
R210 808.12 808.12 0.000 615.6 1 0 0 752.3 55.82 645.6 4
R211 3600.0 0 0 0 535.5 3
C201 366.44 366.44 0.000 13.0 1 0 0 360.2 6.24 360.2 3
C202 3600.0 0 0 0 360.2 3
C203 3600.0 0 0 0 359.8 3
C204 3600.0 0 0 0 588.7 2
C205 3600.0 0 0 0 359.8 3
C206 3600.0 0 0 0 359.8 3
C207 3600.0 0 0 0 359.6 3
C208 3600.0 0 0 0 350.5 2
RC201 720.25 720.25 0.000 1.4 1 0 0 695.0 25.25 684.8 5
RC202 708.65 708.65 0.000 28.1 1 0 0 682.2 26.45 613.6 5
RC203 3600.0 0 0 0 555.3 4
RC204 3600.0 0 0 0 444.2 3
RC205 707.44 707.44 0.000 7.3 1 0 0 665.7 41.74 630.2 5
RC206 700.57 700.57 0.000 3.9 1 0 0 652.6 47.97 610.0 5
RC207 3600.0 0 0 0 558.6 4
RC208 3600.0 0 0 0 476.7 3

Table 19: Detailed results for the VRPTW-CNC with ρ = 0.001 for the n = 50-customer instances.
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VRPTW-CNC with Limited Fleet

Bounds Cuts Costs VRPTW

Instance Opt UB LBroot LBtree %Gap Time B&B 2-path SR
∑
cP

∑
fP c∗ K∗

R101 1638.32 1634.59 0.000 7.0 13 5 4 1637.7 0.62 1637.7 20
R102 1522.14 1522.14 0.000 35.2 1 0 0 1484.2 37.94 1466.6 18
R103 3600.0 0 0 0 1208.7 14
R104 3600.0 0 0 0 971.5 11
R105 1363.92 1363.92 0.000 156.3 1 9 72 1355.3 8.62 1355.3 15
R106 1323.12 1323.12 3600.0 1 4 41 1234.6 13
R107 3600.0 0 0 0 1064.6 11
R108 3600.0 0 0 0 932.1 10
R109 1179.42 1179.42 3600.0 1 14 80 1146.9 13
R110 1148.17 1148.17 3600.0 1 0 20 1068.0 12
R111 3600.0 0 0 0 1048.7 12
R112 3600.0 0 0 0 948.6 10
C101 837.74 837.74 0.000 5.1 1 0 0 827.3 10.44 827.3 10
C102 3600.0 0 0 0 827.3 10
C103 3600.0 0 0 0 826.3 10
C104 3600.0 0 0 0 822.9 10
C105 868.90 868.90 0.000 19.9 1 0 0 827.3 41.60 827.3 10
C106 913.00 913.00 0.000 344.3 1 0 10 833.1 79.90 827.3 10
C107 908.63 908.63 0.000 171.7 1 0 0 827.3 81.33 827.3 10
C108 996.54 996.54 3600.0 1 0 10 827.3 10
C109 3600.0 0 0 0 827.3 10
RC101 1629.64 1629.64 0.000 24.5 1 78 19 1619.8 9.84 1619.8 15
RC102 1531.45 1531.45 3600.0 2 29 100 1457.4 14
RC103 1376.18 1376.18 3600.0 1 15 0 1258.0 11
RC104 3600.0 0 0 0 1132.3 10
RC105 1564.05 1563.93 0.000 2029.0 3 28 45 1517.8 46.25 1513.7 15
RC106 1387.02 1387.02 3600.0 1 14 20 1372.7 12
RC107 3600.0 0 0 0 1207.8 12
RC108 3600.0 0 0 0 1114.2 11
R201 3600.0 0 0 0 1143.2 8
R202 3600.0 0 0 0 1029.6 8
R203 3600.0 0 0 0 870.8 6
R204 3600.0 0 0 0 731.3 5
R205 3600.0 0 0 0 949.8 5
R206 3600.0 0 0 0 875.9 5
R207 3600.0 0 0 0 794.0 4
R208 3600.0 0 0 0 701.0 4
R209 3600.0 0 0 0 854.8 5
R210 3600.0 0 0 0 900.5 6
R211 3600.0 0 0 0 746.7 4
C201 613.99 613.99 0.000 1021.2 1 0 0 589.1 24.89 589.1 3
C202 3600.0 0 0 0 589.1 3
C203 3600.0 0 0 0 588.7 3
C204 3600.0 0 0 0 588.1 3
C205 3600.0 0 0 0 586.4 3
C206 3600.0 0 0 0 586.4 3
C207 3600.0 0 0 0 585.8 3
C208 3600.0 0 0 0 585.8 3
RC201 3600.0 0 0 0 1261.8 9
RC202 3600.0 0 0 0 1092.3 8
RC203 3600.0 0 0 0 923.7 5
RC204 3600.0 0 0 0 783.5 4
RC205 3600.0 0 0 0 1154.0 7
RC206 3600.0 0 0 0 1051.1 7
RC207 3600.0 0 0 0 962.9 6
RC208 3600.0 0 0 0 776.1 4

Table 20: Detailed results for the VRPTW-CNC with ρ = 0.001 for the n = 100-customer instances.
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VRPTW-CNC with Limited Fleet

Bounds Cuts Costs VRPTW

Instance Opt UB LBroot LBtree %Gap Time B&B 2-path SR
∑
cP

∑
fP c∗ K∗

R101 618.20 618.20 0.000 0.0 1 0 0 617.1 1.10 617.1 8
R102 619.61 619.61 0.000 0.0 1 2 0 586.0 33.61 547.1 7
R103 671.74 671.74 0.000 0.9 1 3 0 513.9 157.84 454.6 5
R104 724.17 724.17 0.000 3.0 1 0 0 449.5 274.67 416.9 4
R105 544.30 544.30 0.000 0.0 1 0 0 530.7 13.60 530.5 6
R106 581.81 581.81 0.000 0.2 1 2 0 518.8 63.01 465.4 5
R107 700.60 700.60 0.000 3.2 1 0 5 498.0 202.60 424.3 4
R108 663.74 663.74 0.000 19.4 1 0 0 439.5 224.24 397.3 4
R109 505.31 505.31 0.000 0.1 1 0 0 449.3 56.01 441.3 5
R110 514.41 514.41 0.000 0.1 1 0 0 466.4 48.01 444.1 5
R111 667.12 667.12 0.000 2.8 1 0 13 454.9 212.22 428.8 4
R112 610.95 610.95 0.000 25.1 1 4 20 402.8 208.15 393.0 4
C101 213.38 213.38 0.000 0.1 1 0 0 191.3 22.08 191.3 3
C102 1851.89 1851.89 0.000 119.2 1 0 27 268.3 1583.59 190.3 3
C103 5465.59 5465.59 0.000 330.6 1 0 0 266.6 5198.99 190.3 3
C104 8127.70 8127.70 3600.0 1 0 20 186.9 3
C105 279.24 279.24 0.000 0.1 1 0 0 191.3 87.94 191.3 3
C106 213.51 213.51 0.000 0.2 1 0 0 191.3 22.21 191.3 3
C107 390.43 390.43 0.000 0.4 1 0 10 191.3 199.13 191.3 3
C108 483.75 483.75 0.000 2.5 1 0 19 220.3 263.45 191.3 3
C109 887.29 887.29 0.000 11.6 1 0 20 245.5 641.79 191.3 3
RC101 485.34 485.34 0.000 0.2 1 14 0 461.1 24.24 461.1 4
RC102 448.45 448.45 0.000 0.7 1 0 0 360.1 88.35 351.8 3
RC103 479.61 479.61 0.000 8.8 1 0 0 358.6 121.01 332.8 3
RC104 516.32 516.32 0.000 10.2 1 0 0 346.2 170.12 306.6 3
RC105 508.85 508.85 0.000 0.5 1 0 10 448.0 60.85 411.3 4
RC106 398.88 398.88 0.000 0.3 1 0 0 359.6 39.28 345.5 3
RC107 414.24 414.24 0.000 3.7 1 0 0 327.6 86.64 298.3 3
RC108 475.53 475.53 0.000 46.7 1 0 0 302.4 173.13 294.5 3
R201 503.97 503.97 0.000 0.2 1 0 0 501.5 2.47 463.3 4
R202 534.74 534.74 0.000 0.4 1 0 0 526.9 7.84 410.5 4
R203 656.14 656.14 0.000 37.8 1 0 0 497.0 159.14 391.4 3
R204 3600.0 0 0 0 355.0 2
R205 544.57 544.57 0.000 3.7 1 0 0 530.0 14.57 393.0 3
R206 564.52 564.52 0.000 9.4 1 0 0 532.9 31.62 374.4 3
R207 656.89 656.89 0.000 196.2 1 0 0 497.0 159.89 361.6 3
R208 3600.0 0 0 0 328.2 1
R209 659.52 659.52 0.000 309.8 1 0 20 521.2 138.32 370.7 2
R210 527.03 527.03 0.000 2.4 1 0 0 519.0 8.03 404.6 3
R211 670.51 670.51 0.000 1504.8 1 0 0 535.8 134.71 350.9 2
C201 258.02 258.02 0.000 1.4 1 0 0 214.7 43.32 214.7 2
C202 1211.52 1211.52 0.000 288.2 1 0 0 335.9 875.62 214.7 2
C203 5304.71 5304.71 0.000 3071.1 1 0 0 287.0 5017.71 214.7 2
C204 3600.0 0 0 0 213.1 1
C205 315.74 315.74 0.000 2.3 1 0 0 228.1 87.64 214.7 2
C206 251.66 251.66 0.000 1.7 1 0 0 235.8 15.86 214.7 2
C207 289.31 289.31 0.000 18.1 1 0 0 251.6 37.71 214.5 2
C208 490.12 490.12 0.000 2.6 1 0 0 226.7 263.42 214.5 2
RC201 395.10 395.10 0.000 0.3 1 0 0 395.1 0.00 360.2 3
RC202 431.12 431.12 0.000 4.2 1 0 0 379.7 51.42 338.0 3
RC203 446.72 446.72 0.000 3.4 1 0 0 368.3 78.42 326.9 3
RC204 447.33 447.33 0.000 12.9 1 0 0 351.1 96.22 299.7 3
RC205 385.91 385.91 0.000 0.9 1 0 0 385.4 0.51 338.0 3
RC206 395.10 395.10 0.000 0.8 1 0 0 395.1 0.00 324.0 3
RC207 386.81 386.81 0.000 4.5 1 0 0 378.6 8.20 298.3 3
RC208 625.84 625.84 0.000 1870.1 1 0 0 454.2 171.64 269.1 2

Table 21: Detailed results for the VRPTW-CNC with ρ = 0.01 for the n = 25-customer instances.
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VRPTW-CNC with Limited Fleet

Bounds Cuts Costs VRPTW

Instance Opt UB LBroot LBtree %Gap Time B&B 2-path SR
∑
cP

∑
fP c∗ K∗

R101 1045.93 1045.93 0.000 0.1 1 3 0 1044.0 1.93 1044.0 12
R102 1035.52 1035.52 0.000 0.3 1 0 0 989.3 46.22 909.0 11
R103 1099.64 1099.64 0.000 163.0 1 0 20 860.9 238.74 772.9 9
R104 3600.0 0 0 0 625.4 6
R105 938.17 938.17 0.000 0.6 1 3 0 899.3 38.86 899.3 9
R106 1010.33 1010.33 0.000 15.3 1 6 5 913.8 96.53 793.0 8
R107 1175.98 1175.98 0.000 891.8 1 0 20 806.4 369.58 711.1 7
R108 3600.0 0 0 0 617.7 6
R109 927.77 927.77 0.000 31.6 1 5 60 814.1 113.67 786.8 8
R110 1004.94 999.20 1004.83 0.011 3600.0 13 4 100 697.0 7
R111 1090.45 1090.45 0.000 216.0 1 0 0 795.9 294.55 707.2 7
R112 1200.65 1200.65 3600.0 1 2 30 630.2 6
C101 413.36 413.36 0.000 0.4 1 0 0 362.4 50.96 362.4 5
C102 7959.11 7959.11 3600.0 1 0 10 361.4 5
C103 3600.0 0 0 0 361.4 5
C104 3600.0 0 0 0 358.0 5
C105 564.60 564.60 0.000 2.4 1 0 0 386.5 178.10 362.4 5
C106 511.61 511.61 0.000 0.9 1 0 0 365.0 146.61 362.4 5
C107 751.63 751.63 0.000 23.5 1 0 0 386.5 365.13 362.4 5
C108 1156.37 1156.37 0.000 533.3 1 0 0 398.3 758.07 362.4 5
C109 3600.0 0 0 0 362.4 5
RC101 979.86 979.86 0.000 1.1 1 62 0 945.1 34.76 944.0 8
RC102 1078.38 1038.07 1060.13 1.721 3600.0 235 19 100 822.5 7
RC103 1215.13 1215.13 3600.0 1 8 84 710.9 6
RC104 3600.0 0 0 0 545.8 5
RC105 1019.29 1015.61 0.000 139.6 11 27 100 920.5 98.79 855.3 8
RC106 874.23 874.23 0.000 22.9 1 7 21 742.5 131.73 723.2 6
RC107 988.46 984.71 0.000 3444.2 9 3 100 713.2 275.26 642.7 6
RC108 1038.89 1038.89 3600.0 1 2 30 598.1 6
R201 891.71 891.71 0.000 3.3 1 0 6 864.4 27.31 791.9 6
R202 907.23 907.23 0.000 250.8 1 0 10 873.0 34.23 698.5 5
R203 3600.0 0 0 0 605.3 5
R204 3600.0 0 0 0 506.4 2
R205 967.07 987.67 0.000 2532.8 1 0 0 929.2 37.87 690.1 4
R206 3600.0 0 0 0 632.4 4
R207 3600.0 0 0 0 575.5 3
R208 3600.0 0 0 0 487.7 2
R209 3600.0 0 0 0 600.6 4
R210 3600.0 0 0 0 645.6 4
R211 3600.0 0 0 0 535.5 3
C201 3600.0 0 0 0 360.2 3
C202 3600.0 0 0 0 360.2 3
C203 3600.0 0 0 0 359.8 3
C204 3600.0 0 0 0 588.7 2
C205 403.73 463.16 0.000 531.4 1 0 0 379.9 23.83 359.8 3
C206 393.43 466.27 0.000 1663.8 1 0 0 389.6 3.83 359.8 3
C207 3600.0 0 0 0 359.6 3
C208 3600.0 0 0 0 350.5 2
RC201 753.13 753.13 0.000 1.8 1 0 0 742.2 10.93 684.8 5
RC202 793.10 793.10 0.000 193.3 1 0 0 723.2 69.90 613.6 5
RC203 3600.0 0 0 0 555.3 4
RC204 3600.0 0 0 0 444.2 3
RC205 767.42 767.42 0.000 10.5 1 0 0 746.4 21.02 630.2 5
RC206 755.41 755.41 0.000 12.2 1 0 0 740.7 14.71 610.0 5
RC207 3600.0 0 0 0 558.6 4
RC208 3600.0 0 0 0 476.7 3

Table 22: Detailed results for the VRPTW-CNC with ρ = 0.01 for the n = 50-customer instances.
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VRPTW-CNC with Limited Fleet

Bounds Cuts Costs VRPTW

Instance Opt UB LBroot LBtree %Gap Time B&B 2-path SR
∑
cP

∑
fP c∗ K∗

R101 1643.90 1639.88 0.000 6.9 13 5 4 1637.7 6.20 1637.7 20
R102 1702.24 1702.24 0.000 553.5 1 0 20 1564.5 137.74 1466.6 18
R103 3600.0 0 0 0 1208.7 14
R104 3600.0 0 0 0 971.5 11
R105 1435.42 1435.42 0.000 121.3 1 30 79 1365.9 69.52 1355.3 15
R106 1647.66 1647.66 3600.0 1 23 0 1234.6 13
R107 3600.0 0 0 0 1064.6 11
R108 3600.0 0 0 0 932.1 10
R109 1417.70 1417.70 3600.0 1 9 70 1146.9 13
R110 3600.0 0 0 0 1068.0 12
R111 3600.0 0 0 0 1048.7 12
R112 3600.0 0 0 0 948.6 10
C101 931.71 931.71 0.000 21.7 1 0 0 827.3 104.41 827.3 10
C102 3600.0 0 0 0 827.3 10
C103 3600.0 0 0 0 826.3 10
C104 3600.0 0 0 0 822.9 10
C105 1209.26 1209.26 0.000 86.2 1 0 0 848.0 361.26 827.3 10
C106 1470.48 1470.48 0.000 422.0 1 0 0 866.5 603.98 827.3 10
C107 1574.13 1574.13 0.000 241.4 1 0 0 848.7 725.43 827.3 10
C108 3600.0 0 0 0 827.3 10
C109 3600.0 0 0 0 827.3 10
RC101 1717.66 1717.66 0.000 385.4 1 85 58 1621.8 95.86 1619.8 15
RC102 1822.99 1822.99 3600.0 1 30 20 1457.4 14
RC103 3600.0 0 0 0 1258.0 11
RC104 3600.0 0 0 0 1132.3 10
RC105 1787.60 1787.60 3600.0 1 28 60 1513.7 15
RC106 1677.13 1677.13 3600.0 1 17 0 1372.7 12
RC107 3600.0 0 0 0 1207.8 12
RC108 3600.0 0 0 0 1114.2 11
R201 3600.0 0 0 0 1143.2 8
R202 3600.0 0 0 0 1029.6 8
R203 3600.0 0 0 0 870.8 6
R204 3600.0 0 0 0 731.3 5
R205 3600.0 0 0 0 949.8 5
R206 3600.0 0 0 0 875.9 5
R207 3600.0 0 0 0 794.0 4
R208 3600.0 0 0 0 701.0 4
R209 3600.0 0 0 0 854.8 5
R210 3600.0 0 0 0 900.5 6
R211 3600.0 0 0 0 746.7 4
C201 807.87 807.87 0.000 1183.1 1 0 0 621.2 186.67 589.1 3
C202 3600.0 0 0 0 589.1 3
C203 3600.0 0 0 0 588.7 3
C204 3600.0 0 0 0 588.1 3
C205 3600.0 0 0 0 586.4 3
C206 3600.0 0 0 0 586.4 3
C207 3600.0 0 0 0 585.8 3
C208 3600.0 0 0 0 585.8 3
RC201 3600.0 0 0 0 1261.8 9
RC202 3600.0 0 0 0 1092.3 8
RC203 3600.0 0 0 0 923.7 5
RC204 3600.0 0 0 0 783.5 4
RC205 3600.0 0 0 0 1154.0 7
RC206 3600.0 0 0 0 1051.1 7
RC207 3600.0 0 0 0 962.9 6
RC208 3600.0 0 0 0 776.1 4

Table 23: Detailed results for the VRPTW-CNC with ρ = 0.01 for the n = 100-customer instances.
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VRPTW-CNC with Limited Fleet

Bounds Cuts Costs VRPTW

Instance Opt UB LBroot LBtree %Gap Time B&B 2-path SR
∑
cP

∑
fP c∗ K∗

R101 622.59 622.59 0.000 0.0 1 0 0 617.1 5.49 617.1 8
R102 700.22 700.22 0.000 0.1 1 2 0 605.3 94.92 547.1 7
R103 1257.89 1257.71 0.000 9.8 3 1 44 555.4 702.50 454.6 5
R104 1817.26 1817.26 0.000 4.6 1 0 0 461.0 1356.26 416.9 4
R105 593.84 593.84 0.000 0.0 1 0 0 538.0 55.84 530.5 6
R106 824.45 824.45 0.000 1.8 1 5 37 523.4 301.05 465.4 5
R107 1507.80 1507.80 0.000 5.4 1 0 10 501.8 1006.00 424.3 4
R108 1556.88 1556.88 0.000 19.6 1 0 10 443.1 1113.78 397.3 4
R109 626.40 626.40 0.000 0.1 1 0 0 507.2 119.20 441.3 5
R110 706.46 706.46 0.000 0.3 1 0 0 466.4 240.06 444.1 5
R111 1389.34 1389.34 0.000 16.0 1 0 39 491.1 898.24 428.8 4
R112 1357.64 1357.64 0.000 113.2 1 0 40 431.0 926.64 393.0 4
C101 301.70 301.70 0.000 0.1 1 0 0 191.3 110.40 191.3 3
C102 8162.11 8162.11 0.000 39.7 1 0 0 278.8 7883.31 190.3 3
C103 26261.60 26261.60 0.000 221.1 1 0 0 266.6 25995.00 190.3 3
C104 39629.10 39629.10 3600.0 1 0 20 186.9 3
C105 630.41 630.41 0.000 1.1 1 0 49 213.8 416.61 191.3 3
C106 302.34 302.34 0.000 0.1 1 0 0 191.3 111.04 191.3 3
C107 1137.37 1137.37 0.000 0.6 1 0 26 245.5 891.87 191.3 3
C108 1497.00 1497.00 0.000 2.9 1 0 20 252.7 1244.30 191.3 3
C109 3454.44 3454.44 0.000 11.7 1 0 0 245.5 3208.94 191.3 3
RC101 547.23 547.23 0.000 0.2 1 14 0 476.0 71.23 461.1 4
RC102 801.83 801.83 0.000 1.9 1 0 0 360.1 441.73 351.8 3
RC103 963.65 963.65 0.000 4.7 1 0 0 358.6 605.05 332.8 3
RC104 1194.08 1194.08 0.000 16.6 1 0 0 348.2 845.88 306.6 3
RC105 729.34 729.34 0.000 1.6 1 0 40 471.2 258.14 411.3 4
RC106 550.76 550.76 0.000 0.8 1 0 0 366.7 184.06 345.5 3
RC107 748.38 748.38 0.000 3.7 1 0 0 342.3 406.08 298.3 3
RC108 1120.81 1120.81 0.000 32.8 1 0 0 320.2 800.61 294.5 3
R201 513.34 513.34 0.000 0.2 1 0 0 502.5 10.84 463.3 4
R202 566.09 566.09 0.000 0.8 1 0 0 526.9 39.19 410.5 4
R203 1273.62 1273.62 0.000 181.5 1 0 0 502.9 770.72 391.4 3
R204 3600.0 0 0 0 355.0 2
R205 577.49 577.49 0.000 5.0 1 0 0 561.5 15.99 393.0 3
R206 663.25 663.25 0.000 26.3 1 0 0 546.0 117.25 374.4 3
R207 1278.54 1278.54 0.000 295.8 1 0 0 502.9 775.64 361.6 3
R208 3600.0 0 0 0 328.2 1
R209 986.62 986.62 0.000 626.9 1 0 0 622.8 363.82 370.7 2
R210 559.13 559.13 0.000 2.3 1 0 0 519.0 40.13 404.6 3
R211 1101.02 1101.02 0.000 1460.2 1 0 0 573.9 527.12 350.9 2
C201 427.52 427.52 0.000 1.1 1 0 0 252.6 174.92 214.7 2
C202 4714.01 4714.01 0.000 246.1 1 0 0 335.9 4378.11 214.7 2
C203 3600.0 0 0 0 214.7 2
C204 3600.0 0 0 0 213.1 1
C205 666.29 666.29 0.000 2.5 1 0 0 228.1 438.19 214.7 2
C206 315.09 315.09 0.000 2.5 1 0 0 235.8 79.29 214.7 2
C207 440.16 440.16 0.000 18.8 1 0 0 251.6 188.56 214.5 2
C208 1543.80 1543.80 0.000 3.5 1 0 0 226.7 1317.10 214.5 2
RC201 395.10 395.10 0.000 0.3 1 0 0 395.1 0.00 360.2 3
RC202 610.78 610.78 0.000 85.1 1 0 16 396.2 214.58 338.0 3
RC203 743.72 743.72 0.000 8.7 1 0 0 383.4 360.32 326.9 3
RC204 809.28 809.28 0.000 121.9 1 0 0 357.2 452.08 299.7 3
RC205 387.95 387.95 0.000 1.1 1 0 0 385.4 2.55 338.0 3
RC206 395.10 395.10 0.000 0.5 1 0 0 395.1 0.00 324.0 3
RC207 408.96 408.96 0.000 5.5 1 0 0 385.0 23.96 298.3 3
RC208 1250.49 1250.49 3600.0 1 0 10 269.1 2

Table 24: Detailed results for the VRPTW-CNC with ρ = 0.05 for the n = 25-customer instances.
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VRPTW-CNC with Limited Fleet

Bounds Cuts Costs VRPTW

Instance Opt UB LBroot LBtree %Gap Time B&B 2-path SR
∑
cP

∑
fP c∗ K∗

R101 1053.65 1053.65 0.000 0.1 1 0 0 1044.0 9.65 1044.0 12
R102 1173.31 1173.31 0.000 1.5 1 0 10 1022.8 150.51 909.0 11
R103 1973.92 1958.71 0.000 844.3 15 0 20 903.8 1070.12 772.9 9
R104 3600.0 0 0 0 625.4 6
R105 1060.42 1060.42 0.000 1.0 1 3 10 951.6 108.82 899.3 9
R106 1386.29 1386.29 0.000 22.4 1 5 15 917.3 468.99 793.0 8
R107 2654.29 2654.29 0.000 2197.4 1 0 50 806.4 1847.89 711.1 7
R108 3600.0 0 0 0 617.7 6
R109 1247.35 1243.79 0.000 248.8 7 2 100 904.1 343.25 786.8 8
R110 1907.69 1891.35 0.000 2673.9 13 0 41 810.0 1097.69 697.0 7
R111 2096.82 2096.82 0.000 1825.1 1 0 58 860.2 1236.62 707.2 7
R112 3291.32 3291.32 3600.0 1 0 20 630.2 6
C101 610.70 610.70 0.000 0.7 1 0 0 386.5 224.20 362.4 5
C102 3600.0 0 0 0 361.4 5
C103 3600.0 0 0 0 361.4 5
C104 3600.0 0 0 0 358.0 5
C105 1276.98 1276.98 0.000 1.7 1 0 0 386.5 890.48 362.4 5
C106 1002.36 1002.36 0.000 1.3 1 0 0 391.8 610.56 362.4 5
C107 2201.95 2201.95 0.000 19.3 1 0 0 391.8 1810.15 362.4 5
C108 4188.50 4188.50 0.000 648.8 1 0 0 412.6 3775.90 362.4 5
C109 3600.0 0 0 0 362.4 5
RC101 1113.49 1113.49 0.000 1.6 1 69 0 960.1 153.39 944.0 8
RC102 1640.49 1587.49 0.000 1458.6 63 20 100 927.5 712.99 822.5 7
RC103 2760.06 2760.06 3600.0 1 8 70 710.9 6
RC104 3600.0 0 0 0 545.8 5
RC105 1324.88 1281.84 0.000 381.1 49 27 100 991.0 333.88 855.3 8
RC106 1399.53 1399.53 0.000 134.1 1 7 80 743.1 656.43 723.2 6
RC107 1983.91 1990.01 3600.0 2 3 97 642.7 6
RC108 2433.50 2433.50 3600.0 1 2 20 598.1 6
R201 930.63 930.63 0.000 3.7 1 0 0 910.6 20.03 791.9 6
R202 1035.65 1035.65 0.000 574.9 1 0 0 879.6 156.05 698.5 5
R203 3600.0 0 0 0 605.3 5
R204 3600.0 0 0 0 506.4 2
R205 3600.0 0 0 0 690.1 4
R206 3600.0 0 0 0 632.4 4
R207 3600.0 0 0 0 575.5 3
R208 3600.0 0 0 0 487.7 2
R209 3600.0 0 0 0 600.6 4
R210 3600.0 0 0 0 645.6 4
R211 3600.0 0 0 0 535.5 3
C201 3600.0 0 0 0 360.2 3
C202 3600.0 0 0 0 360.2 3
C203 3600.0 0 0 0 359.8 3
C204 3600.0 0 0 0 588.7 2
C205 3600.0 0 0 0 359.8 3
C206 3600.0 0 0 0 359.8 3
C207 3600.0 0 0 0 359.6 3
C208 3600.0 0 0 0 350.5 2
RC201 769.85 769.85 0.000 1.6 1 0 0 754.9 14.95 684.8 5
RC202 1020.38 1020.38 0.000 2013.3 1 0 18 744.6 275.78 613.6 5
RC203 3600.0 0 0 0 555.3 4
RC204 3600.0 0 0 0 444.2 3
RC205 796.43 796.43 0.000 44.2 1 0 0 773.8 22.63 630.2 5
RC206 787.27 787.27 0.000 25.2 1 0 0 753.4 33.87 610.0 5
RC207 3600.0 0 0 0 558.6 4
RC208 3600.0 0 0 0 476.7 3

Table 25: Detailed results for the VRPTW-CNC with ρ = 0.05 for the n = 50-customer instances.
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VRPTW-CNC with Limited Fleet

Bounds Cuts Costs VRPTW

Instance Opt UB LBroot LBtree %Gap Time B&B 2-path SR
∑
cP

∑
fP c∗ K∗

R101 1666.31 1662.80 0.000 6.9 13 4 5 1639.9 26.41 1637.7 20
R102 2167.61 2167.61 0.000 1784.4 1 0 44 1625.8 541.82 1466.6 18
R103 3600.0 0 0 0 1208.7 14
R104 3600.0 0 0 0 971.5 11
R105 1627.28 1626.01 0.000 143.5 3 2 87 1464.6 162.68 1355.3 15
R106 3600.0 0 0 0 1234.6 13
R107 3600.0 0 0 0 1064.6 11
R108 3600.0 0 0 0 932.1 10
R109 1989.83 1989.83 3600.0 1 0 30 1146.9 13
R110 3600.0 0 0 0 1068.0 12
R111 3600.0 0 0 0 1048.7 12
R112 3600.0 0 0 0 948.6 10
C101 1302.45 1302.45 0.000 96.4 1 0 0 848.0 454.45 827.3 10
C102 3600.0 0 0 0 827.3 10
C103 3600.0 0 0 0 826.3 10
C104 3600.0 0 0 0 822.9 10
C105 2652.48 2652.48 0.000 261.8 1 0 0 848.7 1803.78 827.3 10
C106 3874.05 3874.05 0.000 2945.2 1 0 0 899.8 2974.25 827.3 10
C107 4474.14 4474.14 0.000 1348.1 1 0 0 850.0 3624.14 827.3 10
C108 3600.0 0 0 0 827.3 10
C109 3600.0 0 0 0 827.3 10
RC101 1992.10 1992.10 0.000 668.1 1 67 79 1703.3 288.80 1619.8 15
RC102 2631.22 2631.22 3600.0 1 12 20 1457.4 14
RC103 3600.0 0 0 0 1258.0 11
RC104 3600.0 0 0 0 1132.3 10
RC105 2297.47 2297.47 3600.0 1 36 30 1513.7 15
RC106 3600.0 0 0 0 1372.7 12
RC107 3600.0 0 0 0 1207.8 12
RC108 3600.0 0 0 0 1114.2 11
R201 3600.0 0 0 0 1143.2 8
R202 3600.0 0 0 0 1029.6 8
R203 3600.0 0 0 0 870.8 6
R204 3600.0 0 0 0 731.3 5
R205 3600.0 0 0 0 949.8 5
R206 3600.0 0 0 0 875.9 5
R207 3600.0 0 0 0 794.0 4
R208 3600.0 0 0 0 701.0 4
R209 3600.0 0 0 0 854.8 5
R210 3600.0 0 0 0 900.5 6
R211 3600.0 0 0 0 746.7 4
C201 1554.57 1554.57 0.000 1183.6 1 0 0 621.2 933.37 589.1 3
C202 3600.0 0 0 0 589.1 3
C203 3600.0 0 0 0 588.7 3
C204 3600.0 0 0 0 588.1 3
C205 3600.0 0 0 0 586.4 3
C206 3600.0 0 0 0 586.4 3
C207 3600.0 0 0 0 585.8 3
C208 3600.0 0 0 0 585.8 3
RC201 3600.0 0 0 0 1261.8 9
RC202 3600.0 0 0 0 1092.3 8
RC203 3600.0 0 0 0 923.7 5
RC204 3600.0 0 0 0 783.5 4
RC205 3600.0 0 0 0 1154.0 7
RC206 3600.0 0 0 0 1051.1 7
RC207 3600.0 0 0 0 962.9 6
RC208 3600.0 0 0 0 776.1 4

Table 26: Detailed results for the VRPTW-CNC with ρ = 0.05 for the n = 100-customer instances.
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VRPTW-CNC with Limited Fleet

Bounds Cuts Costs VRPTW

Instance Opt UB LBroot LBtree %Gap Time B&B 2-path SR
∑
cP

∑
fP c∗ K∗

R101 628.09 628.09 0.000 0.0 1 0 0 617.1 10.99 617.1 8
R102 791.37 791.37 0.000 0.1 1 2 0 610.9 180.47 547.1 7
R103 1960.39 1947.33 0.000 14.7 9 1 34 555.4 1404.99 454.6 5
R104 3173.53 3173.53 0.000 10.0 1 0 0 461.0 2712.53 416.9 4
R105 642.29 642.29 0.000 0.1 1 0 0 566.7 75.58 530.5 6
R106 1118.04 1107.45 0.000 3.4 5 5 54 556.8 561.24 465.4 5
R107 2513.80 2513.80 0.000 2.5 1 0 0 501.8 2012.00 424.3 4
R108 2662.98 2662.98 0.000 10.3 1 0 0 464.3 2198.68 397.3 4
R109 745.60 745.60 0.000 0.1 1 0 0 507.2 238.40 441.3 5
R110 935.71 935.71 0.000 0.6 1 0 0 483.3 452.41 444.1 5
R111 2271.24 2271.24 0.000 6.6 1 0 20 524.5 1746.74 428.8 4
R112 2284.28 2284.28 0.000 90.4 1 0 30 431.0 1853.28 393.0 4
C101 412.11 412.11 0.000 0.1 1 0 0 191.3 220.81 191.3 3
C102 16045.40 16045.40 0.000 31.6 1 0 0 278.8 15766.60 190.3 3
C103 52235.50 52235.50 0.000 246.9 1 0 0 295.2 51940.30 190.3 3
C104 78952.00 78952.00 3600.0 1 0 20 186.9 3
C105 1034.83 1034.83 0.000 0.6 1 0 26 245.5 789.33 191.3 3
C106 413.39 413.39 0.000 0.1 1 0 0 191.3 222.09 191.3 3
C107 2029.24 2029.24 0.000 0.6 1 0 20 245.5 1783.74 191.3 3
C108 2741.29 2741.29 0.000 1.2 1 0 0 252.7 2488.59 191.3 3
C109 6660.74 6660.74 0.000 15.3 1 0 0 252.3 6408.44 191.3 3
RC101 618.46 618.46 0.000 0.2 1 14 0 476.0 142.46 461.1 4
RC102 1243.56 1243.56 0.000 0.9 1 0 0 360.1 883.46 351.8 3
RC103 1568.70 1568.70 0.000 6.9 1 0 0 358.6 1210.10 332.8 3
RC104 2039.96 2039.96 0.000 17.5 1 0 0 348.2 1691.76 306.6 3
RC105 987.47 987.47 0.000 1.9 1 0 50 471.2 516.27 411.3 4
RC106 729.71 729.71 0.000 0.8 1 0 0 373.4 356.31 345.5 3
RC107 1154.46 1154.46 0.000 6.4 1 0 0 342.3 812.16 298.3 3
RC108 1917.07 1917.07 0.000 49.4 1 0 0 329.5 1587.57 294.5 3
R201 521.42 521.42 0.000 0.2 1 0 0 509.7 11.72 463.3 4
R202 605.28 605.28 0.000 0.5 1 0 0 526.9 78.38 410.5 4
R203 2044.34 2044.34 0.000 256.9 1 0 0 502.9 1541.44 391.4 3
R204 3600.0 0 0 0 355.0 2
R205 591.08 591.08 0.000 8.4 1 0 0 575.3 15.78 393.0 3
R206 780.08 780.08 0.000 25.5 1 0 0 556.0 224.08 374.4 3
R207 2054.18 2054.18 0.000 595.7 1 0 0 502.9 1551.28 361.6 3
R208 3600.0 0 0 0 328.2 1
R209 1350.44 1350.44 0.000 555.5 1 0 0 622.8 727.64 370.7 2
R210 599.25 599.25 0.000 6.2 1 0 0 519.0 80.25 404.6 3
R211 1628.15 1628.15 0.000 2499.0 1 0 10 573.9 1054.25 350.9 2
C201 602.45 602.45 0.000 1.2 1 0 0 252.6 349.85 214.7 2
C202 9092.12 9092.12 0.000 149.9 1 0 0 335.9 8756.22 214.7 2
C203 3600.0 0 0 0 214.7 2
C204 3600.0 0 0 0 213.1 1
C205 1104.48 1104.48 0.000 1.7 1 0 0 228.1 876.38 214.7 2
C206 394.39 394.39 0.000 2.2 1 0 0 235.8 158.59 214.7 2
C207 628.72 628.72 0.000 20.2 1 0 0 251.6 377.12 214.5 2
C208 2860.90 2860.90 0.000 3.9 1 0 0 226.7 2634.20 214.5 2
RC201 395.10 395.10 0.000 0.3 1 0 0 395.1 0.00 360.2 3
RC202 773.05 773.05 0.000 20.9 1 0 6 459.5 313.55 338.0 3
RC203 1097.70 1097.70 0.000 20.2 1 0 0 389.9 707.80 326.9 3
RC204 1261.35 1261.35 0.000 99.5 1 0 0 357.2 904.15 299.7 3
RC205 390.50 390.50 0.000 1.5 1 0 0 385.4 5.10 338.0 3
RC206 395.10 395.10 0.000 1.1 1 0 0 395.1 0.00 324.0 3
RC207 432.93 432.93 0.000 9.3 1 0 0 385.0 47.92 298.3 3
RC208 1976.22 1976.22 0.000 3580.9 1 0 10 549.9 1426.32 269.1 2

Table 27: Detailed results for the VRPTW-CNC with ρ = 0.1 for the n = 25-customer instances.
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VRPTW-CNC with Limited Fleet

Bounds Cuts Costs VRPTW

Instance Opt UB LBroot LBtree %Gap Time B&B 2-path SR
∑
cP

∑
fP c∗ K∗

R101 1062.50 1062.50 0.000 0.1 1 0 0 1046.1 16.40 1044.0 12
R102 1323.82 1321.22 0.000 4.1 3 0 16 1022.8 301.03 909.0 11
R103 3040.03 2996.70 0.000 2421.0 39 0 22 957.2 2082.83 772.9 9
R104 3600.0 0 0 0 625.4 6
R105 1163.15 1163.15 0.000 2.5 1 6 40 965.0 198.15 899.3 9
R106 1854.48 1854.48 0.000 140.4 1 3 49 918.3 936.18 793.0 8
R107 4481.77 4481.77 0.000 2719.3 1 0 60 831.6 3650.17 711.1 7
R108 3600.0 0 0 0 617.7 6
R109 1589.14 1568.32 0.000 403.1 41 4 67 908.1 681.04 786.8 8
R110 3005.39 2985.36 0.000 2015.2 5 0 50 810.0 2195.39 697.0 7
R111 3324.60 3308.85 0.000 3432.8 5 0 64 893.0 2431.60 707.2 7
R112 5862.68 5862.68 3600.0 1 0 30 630.2 6
C101 834.89 834.89 0.000 0.4 1 0 0 386.5 448.39 362.4 5
C102 3600.0 0 0 0 361.4 5
C103 3600.0 0 0 0 361.4 5
C104 3600.0 0 0 0 358.0 5
C105 2167.47 2167.47 0.000 2.2 1 0 0 386.5 1780.97 362.4 5
C106 1612.92 1612.92 0.000 1.9 1 0 0 391.8 1221.12 362.4 5
C107 4012.09 4012.09 0.000 27.0 1 0 0 391.8 3620.29 362.4 5
C108 7939.61 7939.61 0.000 545.7 1 0 0 442.5 7497.11 362.4 5
C109 3600.0 0 0 0 362.4 5
RC101 1261.40 1261.40 0.000 1.5 1 66 0 973.8 287.60 944.0 8
RC102 2353.49 2059.37 2351.43 0.088 3600.0 253 8 100 822.5 7
RC103 4625.39 4625.39 3600.0 1 12 70 710.9 6
RC104 3600.0 0 0 0 545.8 5
RC105 1656.93 1565.72 0.000 732.6 143 28 100 999.3 657.63 855.3 8
RC106 2041.49 2041.49 0.000 122.0 1 7 70 796.0 1245.49 723.2 6
RC107 3211.32 3211.32 3600.0 1 5 100 642.7 6
RC108 4163.40 4163.40 3600.0 1 2 20 598.1 6
R201 950.66 950.66 0.000 4.6 1 0 0 910.6 40.05 791.9 6
R202 1191.69 1191.69 0.000 956.3 1 0 0 879.6 312.09 698.5 5
R203 3600.0 0 0 0 605.3 5
R204 3600.0 0 0 0 506.4 2
R205 3600.0 0 0 0 690.1 4
R206 3600.0 0 0 0 632.4 4
R207 3600.0 0 0 0 575.5 3
R208 3600.0 0 0 0 487.7 2
R209 3600.0 0 0 0 600.6 4
R210 3600.0 0 0 0 645.6 4
R211 3600.0 0 0 0 535.5 3
C201 3600.0 0 0 0 360.2 3
C202 3600.0 0 0 0 360.2 3
C203 3600.0 0 0 0 359.8 3
C204 3600.0 0 0 0 588.7 2
C205 3600.0 0 0 0 359.8 3
C206 427.89 625.13 0.000 767.2 1 0 0 389.6 38.29 359.8 3
C207 3600.0 0 0 0 359.6 3
C208 3600.0 0 0 0 350.5 2
RC201 784.79 784.79 0.000 1.0 1 0 0 754.9 29.89 684.8 5
RC202 1246.51 1246.51 0.000 2571.8 1 0 10 807.2 439.31 613.6 5
RC203 3600.0 0 0 0 555.3 4
RC204 3600.0 0 0 0 444.2 3
RC205 815.37 815.37 0.000 23.9 1 0 0 779.6 35.77 630.2 5
RC206 821.14 821.14 0.000 24.0 1 0 0 753.4 67.74 610.0 5
RC207 3600.0 0 0 0 558.6 4
RC208 3600.0 0 0 0 476.7 3

Table 28: Detailed results for the VRPTW-CNC with ρ = 0.1 for the n = 50-customer instances.
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VRPTW-CNC with Limited Fleet

Bounds Cuts Costs VRPTW

Instance Opt UB LBroot LBtree %Gap Time B&B 2-path SR
∑
cP

∑
fP c∗ K∗

R101 1692.72 1690.52 0.000 7.5 13 1 7 1639.9 52.82 1637.7 20
R102 2704.63 2704.63 0.000 2664.8 1 0 75 1650.1 1054.53 1466.6 18
R103 3600.0 0 0 0 1208.7 14
R104 3600.0 0 0 0 971.5 11
R105 1772.00 1767.77 0.000 377.6 17 3 82 1491.3 280.70 1355.3 15
R106 3600.0 0 0 0 1234.6 13
R107 3600.0 0 0 0 1064.6 11
R108 3600.0 0 0 0 932.1 10
R109 3600.0 0 0 0 1146.9 13
R110 3600.0 0 0 0 1068.0 12
R111 3600.0 0 0 0 1048.7 12
R112 3600.0 0 0 0 948.6 10
C101 1756.26 1756.26 0.000 202.5 1 0 0 848.7 907.56 827.3 10
C102 3600.0 0 0 0 827.3 10
C103 3600.0 0 0 0 826.3 10
C104 3600.0 0 0 0 822.9 10
C105 4456.26 4456.26 0.000 141.8 1 0 0 848.7 3607.56 827.3 10
C106 3600.0 0 0 0 827.3 10
C107 8098.27 8098.27 0.000 1722.1 1 0 0 850.0 7248.27 827.3 10
C108 3600.0 0 0 0 827.3 10
C109 3600.0 0 0 0 827.3 10
RC101 2255.46 2255.46 0.000 516.5 1 70 54 1752.0 503.46 1619.8 15
RC102 3568.49 3568.49 3600.0 1 16 10 1457.4 14
RC103 3600.0 0 0 0 1258.0 11
RC104 3600.0 0 0 0 1132.3 10
RC105 2809.45 2809.45 3600.0 1 36 10 1513.7 15
RC106 3600.0 0 0 0 1372.7 12
RC107 3600.0 0 0 0 1207.8 12
RC108 3600.0 0 0 0 1114.2 11
R201 3600.0 0 0 0 1143.2 8
R202 3600.0 0 0 0 1029.6 8
R203 3600.0 0 0 0 870.8 6
R204 3600.0 0 0 0 731.3 5
R205 3600.0 0 0 0 949.8 5
R206 3600.0 0 0 0 875.9 5
R207 3600.0 0 0 0 794.0 4
R208 3600.0 0 0 0 701.0 4
R209 3600.0 0 0 0 854.8 5
R210 3600.0 0 0 0 900.5 6
R211 3600.0 0 0 0 746.7 4
C201 2487.94 2487.94 0.000 2665.8 1 0 0 621.2 1866.74 589.1 3
C202 3600.0 0 0 0 589.1 3
C203 3600.0 0 0 0 588.7 3
C204 3600.0 0 0 0 588.1 3
C205 3600.0 0 0 0 586.4 3
C206 3600.0 0 0 0 586.4 3
C207 3600.0 0 0 0 585.8 3
C208 3600.0 0 0 0 585.8 3
RC201 3600.0 0 0 0 1261.8 9
RC202 3600.0 0 0 0 1092.3 8
RC203 3600.0 0 0 0 923.7 5
RC204 3600.0 0 0 0 783.5 4
RC205 3600.0 0 0 0 1154.0 7
RC206 3600.0 0 0 0 1051.1 7
RC207 3600.0 0 0 0 962.9 6
RC208 3600.0 0 0 0 776.1 4

Table 29: Detailed results for the VRPTW-CNC with ρ = 0.1 for the n = 100-customer instances.
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